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ABSTRACT. This paper studies information design in a dynamic moral hazard environ-
ment. An agent and an expert face a common uncertainty regarding the effectiveness of a
collective decision. The agent bears the cost of effort of information acquisition and makes
the final decision. The expert is the only observer of research outcomes and provides in-
formation over time to the agent. Both parties are equally affected by the decision. I show
that one optimal information policy consists in disclosing truthfully with delay. In the first
periods of time, the delay is zero, then strictly increases and finally vanishes. By the time

the delay decreases back to zero, the agent has taken the decision with probability one.
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1. INTRODUCTION

When a decision has to be made under uncertainty, information acquisition has to be
conducted in order to improve the effectiveness of choice. Sometimes, experts are pri-
vately informed of research outcomes. On one hand, experts are delegated to conduct
information acquisition. On the other hand, only experts are able to fully process the re-
search outcome. Therefore, experts are normally supposed to publish research progress
report periodically. On one hand, such report "puts the whole group on the same page”:
it helps the rest to understand research results and make more accurate decisions. On
the other hand, it also helps evaluate progress and decide whether or not to carry out
further exploration. There are many scenarios where the experts have more bargaining
power than the agent therefore have more freedom in writing the report. In the first
category of scenarios, an expert raises funds from many investors to conduct informa-
tion acquisition. For instance, during the COVID-19 pandemic, vaccine producers raise
funds from multiple governments to conduct research and they are supposed to publish
their experiment outcomes periodically. There are few vaccines which have entered into
the final period of experiments, while all the governments are eager to get the first batch
of vaccines to re-open the economy. The second category of scenarios considers feedback
provision. Supervisors make comments on PhD students’ projects, based on which stu-
dents decide whether or not to keep exploring. Financial advisors acquire information
of retail investors’ risk averse degree through asking several related questions. Then
they provide recommendations on financial products and portfolios. In my paper, the
agent faces uncertainty in making a once-for-all choice between two options. The agent
exerts effort to conduct dynamic information acquisition and the expert is privately in-
formed of the research outcome. There are two states of the world and both players
prefer to match the option with the state. The statistical experiment, which is fixed at
each period, generates either a breakthrough signal for one state or its absence. The
expert needs to report the progress at each instant. I characterize the expert’s optimal
dynamic research progress reporting policy, if she can commit to one at the beginning of

game.

While both players share the same preferences in decision making, the expert does not
bear the cost of information acquisition. Therefore, she prefers a more accurate deci-
sion than the agent does. This preference mis-alignment leads to departures from full

information disclosure. Information acquisition creates information value (benefit) but



DYNAMIC PROGRESS REPORT 3

delays decision making (cost). As information acquisition continues, both the agent be-
comes more pessimistic of information value created in the future and the agent’s payoff
of immediate decision making increases. These two components discourage the agent’s
further exploration. What information design can do? On the benefit side, the expert
can hoard information value created in previous periods and then release it in later pe-
riods. On the cost side, the expert can persuade the agent to become more uncertain
of the underlying state and therefore make the agent reluctant to make decision right

away. I elaborate on these two channels in a three-period model.

In the continuous time model, I show that there is an optimal disclosure policy where
the expert truthfully reports with delay. The whole research process is divided into three
phases. In the first phase, the delay level is kept at zero. Then it strictly accumulates
in the second phase. In the third phase, the delay level shrinks strictly. At the end
of the third phase, the delay has completely vanished and the decision is taken with
probability 1. Moreover the delay level in the second and third phase is designed such
that at each instant, the agent is indifferent between acquiring information for another

instant and making decision right away.

Under the optimal reporting policy, a knowledge gap arises since the second phase. I
adopt the expected hoarded information value to measure the gap. In the first phase,
the expert reveals all she has learnt immediately. In the second phase,’ the expert gen-
erates just enough information value to balance the agent’s opportunity cost for further
exploration. Besides, she hoards the rest of the created information value. Therefore,
the expected hoarded information value accumulates. In the third phase, the expert
generates all the information value created through information acquisition at that in-
stant. In addition, she releases the previously hoarded information value, to fill up the
gap between the opportunity cost and the created information value. At the end of the

third phase, the expected hoarded information value vanishes completely.

To motivate the agent to acquire information in the absence of breakthrough signal, the
expert has to postpone disclosing breakthrough signal even if she prefers to reveal it
immediately. That’s where commitment power plays a critical role in shaping the opti-
mal policy. However, when the decision-making payoff upon receiving the breakthrough
signal is large enough, the expert is more reluctant to postpone its disclosure. In other
words, the expert will put off the critical time where information value hoarding begins.

The turning point here between the second and third phase is different from the one in describing the
delay level in the last paragraph.
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Facing limited amount of hoarded information value, the expert then turns to persua-
sion to improve the agent’s uncertainty of the underlying state. Such persuasion will
make the agent reluctant to make decision right away and therefore decreases the op-
portunity cost. We show that there exists at most one instant at which persuasion in

conducted.

Finally, I extend the basic model to information structures with breakthrough signals

in both states.

1.1. Related literature. This paper studies information disclosure on a learning pro-
cess. If the belief space is taken as the state space, then my paper falls into the category
of disclosure of an evolving state where the agent responds to inter-temporal incentive.

Please check Table 1 for classifying literature on dynamic Bayesian persuasion.

Evolving state Persistent state
Zhao et al. [2020]
Basu [2017]
Bizzotto et al. [Forthcoming]
Responding to My paper, Ball [2019] Orlov et al. [2020]
inter-temporal incentive Smolin [Forthcoming] Au [2015]

Henry and Ottaviani [2019]
Escudé and Sinander [2020]
Che et al. [2020]

belief-based and short-lived | Che and Horner [2017]

decision-maker Glazer et al. [Forthcoming] None
Belief-based and long-lived | Renault et al. [2017] N
decision-maker Ely [2017] one

TABLE 1. Literature category

The first closest paper is Ball [2019]. His paper studies information design of an evolving
process in a repeated game. He shows that the optimal disclosure policy can be imple-
mented by truthful report with delay. There are two critical differences between his
paper and mine. First, in his paper, the underlying process is mean-reverting Ornstein-
Uhlenbeck process and both the sender and the receiver share a quadratic utility func-
tions. It is therefore without loss of generality to focus on the policy set of truthful
report with delay. In the basic model, we show that it is rather without loss of opti-
mality to focus on this policy set. However, when the payoff at breakthrough signal is
relatively large enough, the expert has to turn to persuasion to decrease the opportu-
nity cost, which can not be implemented by through truthful report with delay. Second,
the delay level in his paper strictly decreases and then maintained at zero. In other

words, the sender just exploits his informational advantage at the very beginning of the
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game and then release it gradually. Therefore, the information value hoarding phase is

missing in his model.

The second closest paper is Smolin [Forthcoming]. He studies information design on
a learning process in a stopping game. He assumes that the stage payoff is linear in
posterior while the outside option is fixed. In my paper, however, I assume that the stage
payoff is fixed while the outside option is convex in posteriors. Moreover, the sender,
in his paper, prefers to persuade the agent to keep working while my model assumes
that their preferences are mis-aligned only in a belief interval. Therefore the trade-
off between timeliness and accurateness is novel in my paper. Moreover, the devices
of both information value hoarding and persuasion, targeting at increasing benefit and

lowering opportunity cost respectively, is new in my model.

In the category of literature in which information disclosure is on an evolving state
and the agent is belief-based and short-lived, Che and Horner [2017] and Glazer et al.
[Forthcoming] studies dynamic information design on social learning. In their papers,
the sender adopts information disclosure to internalize the externality of information
acquisition by each individual agent. There are two differences between my paper and
these papers. First, the long-run receiver’s memory implies that the information value
acts as consumables. Once some information value has been generated in previous pe-
riods through information disclosure, then this part of information value can not be
released again. Second, the inter-temporal incentive is missing in their papers when it
comes to the design of "carrot” and therefore the component on the benefit side is ab-
sent. The second component is also absent in the subcategory of literature of dynamic
information design on Makovian transition process with belief-based agent (c.f. Renault
et al. [2017] and Ely [2017]). In these papers, a patient sender discloses a Markovian
process to a long-lived agent at each period. The agent is supposed to take action at each

period, which is purely based on his updated beliefs at that period.

My paper is related to the literature category where information disclosure is on a per-
sistent state and the agent responds to inter-temporal incentives. Zhao et al. [2020]
studies how a sender can make the most of a single piece of private information to mo-
tivate a long-run receiver to take a single action as frequently as possible. Orlov et al.
[2020] and Bizzotto et al. [Forthcoming] study how a sender discloses information of a
persistent state in responding to the exogenous flow of public information. Au [2015]
and Basu [2017] consider the scenario where the receiver is privately informed. Finally,

there is a category of literature which imposes both the cost and the restrictions on
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information structure of statistical experiment conducted by the sender. Henry and Ot-
taviani [2019] and Escudé and Sinander [2020] assign this cost to the sender and restrict
information structures to the set of Gaussian processes. Che et al. [2020] analyze the
scenario in which the cost is borne by the receiver and restrict the information structure

to the set of Poisson processes.

More broadly, my paper adopts the belief-based approach which is first developed by
Aumann et al. [1995] and then utilized by Kamenica and Gentzkow [2011]. Finally, my
paper is related to the literature of delegated information acquisition (c.f. Angelucci
[2017], Yang [2019], Clark [2016], Chade and Kovrijnykh [2016] and Zhao and Zhao
[2019]). However, the key difference lies in the fact that my paper assumes that it is
the expert rather than the agent who has the commitment power, while their papers

assume the opposite.

2. MODEL

The agent faces uncertainty in making a once-for-all decision, which affects both the
agent and expert equally. Denote the set of options A := {a;,as} and the set of states
as  := {w;,ws}. Initially, both players assigns probability p, € [0,1]. The common
preference of both the agent and expert is given by Table 2.

TABLE 2. Payoff structure

Payoff Policy

ai a2
State
w1 1 0
09)) 0 1

If the choice a matches the state @ of the world, then their payoff is 1. Otherwise their
payoff is 0. Denote by m(p) the maximal utility under optimal choice given belief p.
Specifically, m(p) is

L—p pe|0,3)

m(p) =

p pe[31]
Finally, denote the discount factor by p. Therefore, if the agent puts off decision-making
till time ¢, then their payoffs are discounted by e~
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TABLE 3. Information structure

Signal
State Sa 5b
w1 1— \dt Adt
Wa 1 0

2.1. Information acquisition. The agent can exert effort with cost ¢ to acquire infor-
mation before making the collective choice. If effort is exerted between ¢ and ¢ + dt, a
signal is generated according to the following information structure

This signal is privately observed by the expert. If the expert forms some belief p, at time
t, then with probability (1 — p;)\dt does the expert privately observe the breakthrough

signal s, and believe that the state is exactly w;. Otherwise, the expert receives its ab-

sence signal s, and updates her belief p;, 4, with increment dp; = p;rar — pr = %.
This leads to the ordinary differential equation (ODE)
p=Ap(l—p) (1)

I call research process P, the process with increment specified in Equation (1) and origin

poer

po. At time ¢, the process P passes belief p; = (e

My model also accommodates the case where py < % However, there exists a lower
bound p  below which the agent will make decision immediately. We offer a full char-

acterization of p, in Appendix. Throughout the paper, we only consider the case where

Do > Py

2.2. Reporting policy. The expert, being privately informed of the research progress,
is supposed to issue a report at the end of each period. Given any measurable message
space M, denote a history component at time ¢t by h; = (s;,m;) € S x M, where s; is the
generated signal at time ¢ and m; is the sent message at time ¢. h! = (hy)y<; summarizes
all previous histories by time ¢, provided that the agent has acquired information up to
time ¢. Besides, denote by H' the set of all previous histories A’ by time ¢. A dynamic

disclosure policy (7, M) then specifies

o H xS — A(M), Vt >0,

which maps the set of previous histories by time ¢ and the signal generated at time ¢
to probability distribution space on message space M. Throughout the paper, I assume

that the expert has all the bargaining power and can commit to any dynamic reporting
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policies at the beginning of the game. Denote C' as the the action of pending decision-

making. I will show it later that it is without loss of generality to restrict M to AU {C}.

Given a dynamic reporting policy (7, M), denote by hl, = (my)y~; previous history of
messages by time ¢ and H!, the set of all previous histories of message by time ¢. A

decision rule « then specifies

ap: 0= A(AU{C})
ap HY x M — A(AU{C}) Vt>0
At time ¢, the agent, upon receiving message history A/, by time ¢ and the message m;

at time ¢, decides whether or not keep acquiring information. If not, he needs to choose

between option a; and as;.

Given policy (7, M) and decision rule «, denote by 7*(h', s;, m;|w) the joint probability
that the previous history by time ¢ is h!, the signal geneated at time ¢ is s;, the sent
message at time ¢ is m; and the agent keeps acquiring information by time ¢, conditional
on state w. Finally, denote the aggregate discounted frequency of option a € A being

selected conditional on state w by Y“(a|w), which is given as

Y*(alw) = / / / e " [ (R, sy, me|w) + T (RY, S, mu|w)] au(alhl,, me)dmdhtdt.
t=0 JhtcH! JmieM

The discounted information acquisition cost is given by

czpo(w)/ / / e " [ (R, sp, me|w) + T (RY, S, melw)] [1 — Zat(amfn,mt)]dmtdhtdt
w t=0 JhteH! JmteM!

—c [;—ZZ}QO Y ayw] -

weN a€eA

The expert then solves the following optimization problem

(m]\%( poY *(az|ws) + (1 — po)Y (a1 |w:)

s.t. a € argmax,,poY® (az|ws) + (1 — po)Y (ar]wy) — ¢ | = — Z Zp[)
weN aceA
Please note that whenever there are multiple optimal decision rule « given reporting

policy (m, M), the agent is assumed to pick expert’s most preferred ones.

2.3. Application. My model imposes a strong assumption on the expert’s bargaining
and committing power in designing dynamic reporting policies. It can be applied to two

scenarios. In the first scenario, a single expert designs her dynamic research progress
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reporting policy when she raises funds from multiple investors to conduct information

acquisition. The second scenario studies dynamic feedback design.

2.3.1. Public fundraising on research. During the COVID-19 pandemic, vaccine pro-
ducers raise funds from multiple governments to conduct research on valid vaccines.
However, few vaccine producers have survived and entered into the third phase of ex-
periment. Many promising producers decided to stop further experimentation due to
serious side-effects found in clinical trial. However, almost all governments want to get
the first batch of vaccines to re-open the economy and ensure the safety of citizens. At
each period, the vaccine producers have to issue a periodical progress report on antibody
production effectiveness, side effects, clinical experiment results, etc. Based on the re-
port, these governments then decide whether or not fund vaccine research for another
period. If not, then these governments have to decide whether or not purchase the vac-
cine. The most advanced vaccine producer can have large bargaining power in designing

the reporting policy.

Many startup firms raise funds in primary market to incubate and develop their busi-
ness before IPO (initial pricing offering) issuance and entering into the secondary mar-
ket. Fundraising in primary market always involves multiple rounds of financing. It
starts with the angel round and continues with round A, B, etc. At the beginning of each
round, the entrepreneurs have to conduct roadshow to report their projects’ progress to
potential investors. These investors then decide whether to fund the project for another
round. If not, the investors decide whether to sell their possessed shares or not after the
entrepreneurs enter into the secondary market. Many unicorns, who have dominated
the market shares and/or proved itself of profit making, are popular in primary market.

They have more bargaining power and flexibility in designing their roadshow.

Similarly, listed and high-technology firms in NASDAQ raises funds from both retail
and institutional investors to conduct research. They are required to issue periodically
mandatory report or they are also expected to issue voluntary report, which discloses
their research progress. Such report affects either their share prices or the applicability
of new share issuance, which then determines whether they have collected enough funds
to conduct further exploration. These firms are always assumed in the literature to have
more bargaining and commitment power in designing both the contract and disclosure

policy.

Finally, crowdfunding is the practice of funding a project or venture by raising small

amounts of money from a large number of people, typically via the Internet. Some
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projects may involve multiple rounds of financing. For instance, Linux is a computer
system which promotes open source, security and free, in contrast to Mac OS and Win-
dows. There are multiple ways to finance the development of their systems. Elementary
OS, one of the most popular Linux distribution, offers free developed system but charges
fees if customers wants to experience the beta system in advance. The developers charge
first batch of 25 USD and then 10 USD each month for subscription. In reciprocal, the

developers have to issue updates and share with all the backers.

Throughout the paper, I assume that the expert can commit to dynamic reporting policy
in the beginning of the game. This assumption is justified by either law enforcement
and monitoring or by reputation motivation. Reputation matters for experts and any
inconsistency or lie may damage their career. Entrepreneurs also care about reputation
and credit, otherwise they may find it harder or even impossible to get finance or sell

their products in the future.

2.3.2. Dynamic feedback design. Retail investors may come to the bank to purchase
some financial products. They have to turn to financial advisors for recommendations
of financial products. However, both investors and financial advisors have no idea of in-
vestors’ risk averse degree. The financial advisors then ask the investors several ques-
tions and the investors have to consume both time and effort to answer these questions.
Investors’ answers can reveal information about their risk averse degree but can only be
evaluated by the financial advisors. Finally, the financial advisors then makes recom-
mendations on financial products and portfolios to the retail investors. Currently, more
and more retail investors conduct such purchase online and Al has already replaced

these financial advisors.

First-year PhD students have to choose a field to conduct research, between micro-
economics and macro-economics or between theory or empiric, etc. However, they may
not know at which field they are more talented. Therefore, they exerts effort and time
to attend courses in both fields, and course directors offers exercises and exams for feed-
backs. Course directors can control informativeness of these feedbacks through two
ways. First, they can design the difficulty and content coverage of these tests. On the
other hand, they can also choose how to disclose students’ performances in exams. The
informativeness is restricted by the depth and width of students’ knowledge in a given
field, which is positively related to the amount of time and effort students have exerted

in studying the subject.
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Role-playing games (RPG) are also designed to accommodate different types of players.
Therefore, game developers introduce several professions and positions. Players are
supposed to choose the most appropriate one to improve their gaming experience. How-
ever, players may not know at which position they are more talented. In order to make
a better choice, players have to exert effort to learn features of different professions and
positions. Game developers then design feedback mechanism to help players learn more
about themselves and therefore make more accurate choices. For instance, game de-
velopers control level of difficulty of quests and challenges during the experience phase.
Many online MOBA gaming (for instance, DOTA and LOL, which offer a platform where
a group of players combat with the other.) can design the matching mechanism through
controlling the level of both teammates and opponents. Based on the performance, the
players acquire more information of their own types, which then enables them to make

more accurate decisions.

2.4. Preference mis-alignment. Even if the collective choice affects the expert and
agent equally, the expert prefers a more accurate choice making since she does not bear
the cost of information acquisition. Given belief p;, at time ¢t and under perfect infor-
mation disclosure, compare the payoff between acquiring information for dt period and

making decision immediately. The payoff difference is

—cdt 4 e~ P [ P
DPt+at

ma) + (1= L) )| = m)

Pttat

ygs
Pttdt

) m(O) = m)| = et + pmipc

time cost

| P
—et | P )+ (1
Pidt

~
Benefit ~

Opportunity cost
On the benefit side, information acquisition enables more accurate choice making, there-
fore creating information value. On the cost side, it also puts off decision making,
making it absent the flow payoff pm(p;)dt of decision making at time ¢. I denote this
part of opportunity cost as time cost, which is strictly increasing in payoff of immedi-
ate decision-making. In addition, the opportunity cost for the agent also includes the
information acquisition cost. Denote by ¢ = ﬁp the belief where the created informa-
tion value (benefit) balances the time cost (opportunity cost for the expert). Denote by

— ijr; the belief where the created information value (benefit) balances the total of

time cost and information acquisition cost (opportunity cost for the agent). Our next
lemma solves the optimal stopping problem for both the expert and the agent respec-

tively.
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Lemma 1. Under perfect revelation of signals, the agent stops information acquisition
at ¢*, upon not receiving breakthrough signal s,. The expert prefers the agent to stop

information acquisition at ¢ upon not receiving breakthrough signal sp.

The fact that ¢ < ¢® implies that the expert prefers a more accurate choice making
than the agent. As the agent keeps acquiring information, it becomes harder to make
research progress and the created information value therefore decreases. At the same
time, the uncertainty about the state keeps resolving and the time cost therefore in-

creases. Such trend will remain if the agent keeps acquiring information.

—Information surplus —Time cost

) ;P qu 1 p
FIGURE 1. Information value and time cost

Their preferences are mis-aligned in interval (¢*, ¢®), where the agent prefers to make
decision right away while the expert prefers to acquire more information. The expert
prefers to prolong information acquisition at that interval. What information design
can do? On the benefit side, in addition to the information value necessary to balance
the opportunity cost for information acquisition, there is remaining part in early periods.
The expert can hoard this part of information value and release it in later periods. On
the cost side, the expert can persuade the agent that his payoff of immediate decision-
making is low enough. Such information disclosure can therefore decreases his time
cost and therefore the opportunity cost for information acquisition. I will elaborate on

these two components in a three-period toy model in the next section.

3. EXAMPLE

In this section, I consider a three period, discrete version of the model. We keep the pay-

off structure and signal space S the same. However, information structure of statistical
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TABLE 4. Discrete version information structure

Signal
State Sa 5
w1 1—e? e
W2 1 0

Under the information structure, the prior belief p; at time ¢ jumps either to belief 0 or

to belief p;,, given as
Dt
L—p)(l—e?)+p

To make things interesting, let me introduce the following assumptions on p,.

Pepr = f(pe) == (

Assumption 1. The agent, being perfectly informed of research progress, prefers to stop
exerting effort and make choice at the end of the first period. However, the expert prefers

the agent to put off collective choice making till the end of the second period.>

The information value created through information acquisition in the second period is
not enough to cover the opportunity cost. To motivate the agent to acquire information in
the second period, a component on the benefit side is proposed, i.e. information hoarding.
Intuitively, the expert can hoard additional information value created in the first period

and then release it in the second. Specifically, let me define ¢* as follows,

1 . 1 _ 6 q @) _q o
SEOF e =1 | ey U e+ (1 faks ) mO) - m(@)]
time cost information acquisition cost discounted aggregate information value

_ 90 7 _q L

= 55 Lty 0 + (1= 5 ) m@) i)

discounted hoarded information value
§ ¢ [ fpo) @ ( ~ f(po) ) _ ]
s [ o) + (1= R - s @

discounted newly generated information value in third period

Consider a belief martingale which starts from belief ¢* and jumps to either belief 0 or
f@(py). The first equality in Equation (2) means that the generated information value is
just enough to balance the opportunity cost. The second equality in Equation (2) means
2Mathematically, the following inequalities hold

m(p) < ~ e + st [ AU o) + (1= shiy) mlo)]

m(f (o) > — e+ 125 | 7R m(F@ (o) + (1 A2 ) m(0)]
m(f(po)) < 125 [ AL m( (o)) + (1 - 422) m(0)]
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that the generated information value can be divided into two parts. The first part is the
information value hoarded in the last period while the second part is the information
value created through information acquisition in the second period (which is realized
in the third period). Then I define the reporting policy 7/ through specifying its belief
martingale. The induced belief martingale jumps to either belief 0 or ¢* at the end of the
first period.® If the belief ¢* is reached, then the belief martingale jumps to belief 0 or
f@(py) at the end of the second period. I illustrate the information value management

for policy 7/ through Figure 2.

FIGURE 2. Component on the benefit side, information hoarding.
The combination of red line and blue dashed line denotes the information
value created in the first period while the green dashed line is the one
created in the second period. At the end of the first period, the expert
hoards the blue dashed part. Then she releases it at the end of the second
period, generating the blue line. 7/ generates the red line at the end of the
first period and the combination of blue and green line at the end of the
second period.

However, the additional information value in the first period may not be enough to fill up
the gap between opportunity cost and the information value created in the second period.
To determine the maximal hoardable information value created in the first period, let
me define the belief p such that

B c 5+ 62 Do Po
) = T E T T bm@H 1_E m(O)] -

If ¢* < p, then the agent will not acquire information in the first period, under policy Tl
To fix it, a component on the cost side is proposed, i.e. persuading the agent that the
opportunity cost of information acquisition is low. Let me revise the belief martingale at
the end of the first period induced by reporting policy 7. It is replaced by a compound
belief martingale, which jumps to either belief 0 or p. If p is reached, then it further

31f belief 0 is reached, then the belief martingale stays there.
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jumps to either f(py) or ¢*. The splitting between belief f(py) and ¢* does not generate

any information value. However, this splitting decreases the payoff of immediate choice

making from m(p) to m(q*) with probability %, which therefore decreases the time

cost and therefore the opportunity cost for information acquisition. Let me denote the

corresponding reporting policy by 7V, which is illustrated in the Figure 3.

m(f(po))

FIGURE 3. Component on the cost side, persuasion. The expert has
to generate the information value of the red line to motivate the agent to
acquire information in the first period. She hoards the information value
of blue dashed line. Next, she persuades the agent to lower his payoff of

immediate choice-making from m(p) to m(q*) with probability Jf((li‘))):ﬁ. At

the end of the second period, the expert generates information value in
combination of blue and green line.

Proposition 1. Whenever full information disclosure policy is not optimal,* if ¢* > P,

then 7' is optimal, if ¢* < p, then 7V is optimal.

In order to bridge the gap between created information value in the second period and
opportunity cost, the expert has to hoard information value created in the first period.
Only when this amount of hoarded information value is not enough does the expert

persuade the agent that his payoff of immediate decision-making is low.

There are two elements present in infinite period but missing in three-period model.
First, to induce the agent to acquire more information, the expert can start to hoard

4This is true when ¢* < p', where p' is such that,

52 Po f(pO) m(f(2)(p0)) + (1 f(p())

) m(0) — m(f(p0))

L+6+6 f(po) [ f® (po) @ (po)
S mo __ 0 pg ¥
_TIEIﬁf@@mU@“V‘1+5+$QA1 7o) ™)

5The combination of information value as a carrot and persuasion in dynamic information design has
been found in Ely and Szydlowski [2020] and Zhao et al. [2020]. In the former paper, the initial disclosure
persuades the agent to be sufficiently optimistic of task easiness. In the later paper, the initial disclosure
persuades the agent that the opportunity cost of exerting effort is low enough.
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information in earlier periods, which therefore increases the pool of hoarded informa-
tion value. Or, the expert, when facing limited amount of hoarded information value,
can persuade the agent to lower his payoff of immediate decision-making and therefore
the opportunity cost of information acquisition. Which tool should the expert turn to?
Second, how does the expert hoard and release information value? Should the expert
hoard information consecutively or intermittently? How much information value to be
hoarded or released at each period? In the next section, we fully characterize the optimal

disclosure policy in continuous time model.

4. MAIN RESULT

This section is divided into four subsections. In the first subsection, I completely pin
down the belief martingale induced by an optimal reporting policy. The second subsec-
tion sheds light on the information value management implied by the optimal reporting
policy. The third subsection shows that one can implement the optimal reporting policy

through truthful report with delay. In the forth subsection, I give a sketch of the proof.

4.1. Construction of optimal reporting policy. In this subsection, I construct one
optimal reporting policy through the induced belief martingale. As first step, a belief
process named “one-step-ahead” process, similar to the definition of ¢*, will be defined.
As second step, a reporting process is defined as the lower envelope of research pro-
cess and one-step-ahead process. Finally, it is shown that one optimal reporting policy

induces a belief martingale which either jumps to 0 or follows one reporting process.

4.1.1. One-step-ahead process. Recall that ¢* is defined by the following property. Con-
sider a belief martingale which starts from ¢* and jumps to either 0 or f®)(p,), the gen-
erated information value is just enough to balance the opportunity cost for the agent.

Similarly, let me define one-step-ahead (belief) process Q. Consider a belief martingale

which starts from ¢, > ; and jumps to either 0 or moves up by some increment dg,,

the one-step-ahead process then specifies the increment dg;which makes the agent indif-
ferent between making decision immediately and acquiring information for another dt

period. Mathematically, dg; solves the following equation,

qt

dqy
m(0
g + dg: (

m(q) = —cdt + e Pt
(@) q: + dgy

m(q: + dg) +

This leads to the ODE
q=q(pqg +c) (3)
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The increment is strictly increasing in both discount factor p and c. This is due to the
fact that the increment is set such that the generated information value balances the

total of time cost, which is increasing in p, and research cost c.

I call one-step-ahead process Q, the process whose increment is specified in Equation (3)
if it is below 1 and is maintained as 0 once it passes 1. More specifically, one-step-ahead

process with origin ¢, € (0, 1) is

ety ot ()
G = pgo(1—ect)+c c (p+c)q0 6 (4)
1 pgotc
1 t e [Cln<(p+6)q0>,oo>

Moreover, denote by Qf the one-step-ahead process which passes through belief p; at

time ¢, or with origin #:Z)ﬂﬁ
4.1.2. Hitting time. For any process ) and any real number y, define passing time
T(y,Y) as the first time at which ) passes through y. Mathematically, it is defined
as

T(y,Y) :=nf{t: Y, =y}.
For any i < T(¢",P), define hitting time 6(f) as the last time at which Q' hits P. Mathe-
matically, 0(¢) is defined as

0(i) = sup 4t > i - pe =) _ Cpiec(t—i)
1—p;) +per=D  ppy(l —et) +¢
R t t , t
P at time ¢ Ot at time t

The definition of §() is interpreted in Figure 4.

In Figure 4, we see that 0(f) decreases as t increases. I summarize this finding in the
following Lemma.

Lemma 2. For any t < T(¢";P), the following holds

(i). For any t € (i,0()), Q' is strictly below P, or q, < p;, Vt € (1,0(1)).
(ii). 6(%) is strictly decreasing in t and 0(T(¢",P)) = T(¢", P).

6The derivation of q; can be found in Appendix C.4.
"One can easily verify that

cpge”®! ct
i Cpp,;(lfe_Cf)Jrce
9% = pp—— \ =Dt
£ (I—et)+c

pppf(l—e_“£)+c
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FIGURE 4. Hitting time 9(1?). For any , < t, < 13, we have that 0(f3) <
O(ty) < O(t). ‘Moreover, Q' is strictly above than P below t or above 0(1).
Otherwise, Q' is strictly below P.

4.1.3. Reporting process. For any ¢ < T(q",P), define a belief process Q(#) as the lower

envelope of P and Q', or mathematically,

qt(f) = min {qf,pt} , YVt > 0.

By Lemma 2, Q(f) is equal to P below ¢ and above 6(f). Besides, Q(f) is equal to Q' in
interval [£,0(t)]. We call ¢ as transition time and Q({) as reporting process with transition

t,
time t. Q(t) is shown in Figure 5.

Pe/a

—P —Q=Q(i)

FIGURE 5. Reporting process Q() with transition time i. Q(f) (red curve),
is a lower envelope of P (black curve) and Q' (orange curve).

Define a belief martingale ~' which either jumps to 0 or follows Q(t). The following

theorem shows that such a martingale is induced by some optimal reporting policy.
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Theorem 1. There exists a unique transition time t* such that one optimal reporting pol-
icy induces a belief martingale ~'". Moreover the agent will stop information acquisition

and choose as at 0(t*), provided that his belief has not jumped to 0.

4.1.4. Determination of t*. For any prior belief p, and any time s > 0, define function
g(s;po) as the difference in payoff between acquiring information (and perfectly observ-
ing the learning outcome) till time s and making decision right away (and therefore
never acquiring information). Mathematically, g(s; py) is defined as

slsim) =p [ e vmin {pO, pO} e+ mip) — [ Pt —m(po) )
t=0 Pt Ps t=0 Dt

Payoff of funding research till time s
Then, define ¢ po) as the supremum of time s such that the payoff of acquiring informa-
tion till time s is strictly lower than that of making decision immediately. Mathemati-

cally, t(po) is defined as
t(po) :=sup{s: Vs € (0,s),9(s";po) < 0}.
In the following corollary, we completely characterize ¢* and show its uniqueness.

Corollary 1. t* is uniquely determined and can be characterized as

2 c(0(D)—D) .
t* = inf fz t(po) : _ Ce*(p+c)(0(f)7£) < bi ) ( e “0
)

p+ec Poiy | (P + Moy —¢") p+ec

To motivate the agent to acquiring more information and make more accurate decision,
the expert has to enlarge the pool of hoarded information and therefore bring forward
the time at which information value hoarding begins. However, this act puts off deci-
sion making and therefore discounts the realization of information value. Determining
the optimal transition time t* and therefore the optimal policy balances the trade-off

between timeliness and accurateness.

4.2. Information value management. Under the optimal reporting policy, the ex-
pert partially discloses what she has privately observed. Therefore a gap between the

expert’s and the agent’s knowledge emerges.

Definition 1. A knowledge gap is (p,q) with q < p such that the agent’s belief is q while
the expert’s belief is p with probability q/p and 0 with probability 1 — q/p.
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There is no knowledge gap before transition time ¢*. Then the knowledge gap (p:, ¢:(t*))
emerges with probability -7 for any ¢ € (#*,6(7)). At the hitting time 6(¢), the knowl-
edge gap vanishes and the agent completely stops acquiring information. To measure
the knowledge gap (p, q), define the hoarded information value S(p,q) as

$00) = D) + (1= 4) m(0) = o) ©®)

At time ¢, the expected hoarded information value s(¢;t*) is given

s<t;t*>=(1— o )S<0,0>+ PG, alt)) = S an(t"))

Po
@ (t*) q:(t*) q:(t*)

The expected hoarded information value s(¢;¢*) is plotted in Figure 6.

s(t;t)

t* 15 0(t")

FIGURE 6. Aggregate hoarded information value

As shown on Figure 6, there exists a turning point ¢° in the time interval (¢*,0(¢*)), below
which the expected hoarded information value s(¢; t*) strictly increases, and above which

s(t; t*) strictly shrinks.

Corollary 2. The expected hoarded information value s(t;t*) satisfies the following

(i). s(t;t*)=0fort e [0 U [0(t*), 00);
(ii). Let t5 = t* Alpe)
t e (t*,t5) and 85(“ <0forallte (t50(t)).

-) be the turning point, we have that 85(5:5*) > 0 for all

From Corollary 2, the optimal reporting policy divides the whole time into three phases
based on the management of information value. The first phase occurs before transition
time ¢*, the knowledge gap does not emerge and the expert truthfully reveal all what
she has privately observed in time. The second phase occurs in time interval (¢*,¢°]. In
this phase, the expert releases information value just enough to balance the opportunity

cost, hoarding the additional information value. Therefore, the knowledge gap widens
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and the expected hoarded information value strictly accumulates. Finally, in the third
phase, the information value generated at each instant is comprised of two parts. The
first part is equivalent to the amount of information value created through information
acquisition at that instant. The other part is the previously hoarded information value,
which is released to bridge the gap between the first part and the opportunity cost.
During the third phase, the knowledge gap narrows and the expected hoarded informa-
tion value also shrinks. The third phase ends at the hitting time 0(¢*), when both the

knowledge gap and the expected hoarded information value vanish completely.

4.2.1. Comments on information value management. First, information hoarding is con-
centrated into a time interval rather than scattered over the whole process. Besides,
such time interval occurs just before the third phase, where the hoarded information
value is gradually released. This property is mainly due to discounting. Intuitively,
given the same amount of (undiscounted) information value being hoarded and the same
releasing time, the later it is hoarded, the less it will be discounted away. In order to
preserve the value of hoarded information value, the expert should put off hoarding in-
formation value as much as possible and the best way is to put it together in a continuous

period just before releasing the information value.

Second, at each instant in both the second and third phase, the expert motivates the
agent to conduct costly information acquisition by promising to generate information
value in the future just enough to cover the opportunity cost for the agent. Then, at
the next instant, the expert will at first release information value immediately to fulfill
her promise at the last instant. Such procedure is iterated until the pool of hoarded
information value is drained. To hoard information value, the experts has to garble
between belief 0 and p, and recommends for acquiring information. This implies that
unnecessary information acquisition has to be conducted and decision-making has to be
put off even if break-through signals have been received. These two distortions have to
be imposed to motivate the agent to further explore upon receiving s,.® Fix the time at
which the agent stops information acquisition provided that his belief has not jumped
to 0. Subject to incentive compatibility constraint, such information value arrangement
leads to the fastest revelation of break-through signal s, and therefore alleviates these
two distortions to the most extent (which is shown in Lemma 4).

8Please note that the first distortion is not imposed on the expert directly since she does not bear the
research cost. However, to compensate the agent for unnecessary information acquisition, the expert has
to hoard more information value in the second phase. This therefore aggravates the second distortion.
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Finally, device on the cost side, i.e. persuasion, is absent. Such device is like a double-
edge sword. Given fixed amount of hoarded information value, persuasion, which splits
beliefs, leads to earlier and therefore less accurate decision with some probability, even
if it prolongs the length of acquiring information with the rest probability. In addition,
to motivate the agent’s further exploration, the expert can also bring forward the infor-
mation hoarding phase and therefore hoard more information value. Information value

hoarding is less costly than persuasion, which is shown in Lemma 5.

4.3. Implementation of the optimal policy. In this subsection, I show that the op-
timal reporting policy proposed by Theorem 1 can be implemented through truthfully
reporting with strategic delay. Specifically, for any ¢ € [0,0), define a delay function
D(t;t*) such that Q(t*) at time ¢ is consistent with research progress process P at time

t — D(t;t*). Mathematically, D(t;¢*) is defined as the solution to the following equation,

Pi—D(t;tx) = Gt (t*) (7)

First, since both Q(t*) and P are strictly increasing in ¢, the delay function D(¢;¢*) is
well defined. Figure 7 illustrates the definition of the delay function

t s — D(s;t%) s o(t) t

FIGURE 7. Definition of delay function

In the following corollary, I show that, in the open interval (t*,0(¢*)), there exists a
turning point ¢, below which the delay strictly increases and above which the delay
strictly decreases. It also shows that the optimal reporting policy can be implemented

by truthfully reporting the progress with delay D(t;t*).

Corollary 3. Define the turning point t° = T(q¢", Q(t*)), the optimal reporting policy
satisfies the following,
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(). The expert commits to truthfully reporting the signals she observes D(t;t*) periods
before;

(ii). The delay function D(t;t*) is strictly increasing in t for any t € (t*,t") and strictly
decreasing for any t € (t?,0(t)).

Corollary 3 implies that the implementation divides the whole process into three phases.
Suppose that the agent has not received a message confirming state w;. In the first
phase, over the time interval [0,t*), the expert commits to timely and truthfully report.
In the second phase, the delay strictly increases and reaches its maximum at the turning
point t”, where the agent forms belief ¢”. In the third phase, the delay strictly shrinks
until the hitting time 6(¢*), where the delay level completely vanishes. By the end of the
third phase, the agent stops information acquisition and make decision immediately.
Figure 8 shows how the optimal disclosure policy adjusts the delay of reporting with

time.

D(t;t7)

FIGURE 8. Delay function

To motivate the agent to explore further upon receiving s,, the expert has to postpone
the disclosure of breakthrough signal. Commitment power therefore plays a crucial
role in determining our optimal policy. Furthermore, the expert balances the trade-
off between timeliness of making decision at breakthrough signal and accurateness of

decision-making upon not receiving breakthrough signal.

4.3.1. Comparison to Ball [2019]. Even if the underlying state is persistent, the disclo-
sure is on the generated signals. My paper can therefore be regarded as the disclosure
of a Poisson process in a stopping game. Now I compare my paper to Ball [2019], who

studies the disclosure of a Brownian motion in a repeated game. Even if he also shows
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that the optimal disclosure policy is truthful but delayed report, there are two critical

differences, leaving behind the model formulation.

The first difference lies in dynamics of delay. In Ball [2019], a strictly positive delay
emerges abruptly at the beginning of the game. Then, it gradually shrinks down to zero.
After that, the delay is kept at zero. In my paper,the delay level is fixed at zero before
the transition time ¢* (in the first phase). Then, it strictly increases until the turning
point ¢ (in the second phase). Finally, it strictly shrinks down to zero, where the agent

makes decision and the game stops.

Second, the restriction of disclosure policy to the set of truthful and delayed report is
without loss of generality in Ball [2019] while it is, as I have shown, without loss of
optimality in my paper. Specifically, the underlying stochastic process in Ball [2019] is
mean-reverting Ornstein-Uhlenbeck process and utility functions are quadratic, there-
fore information disclosure boils down to precision control. Furthermore, the set of dis-
closure policy set of truthful and delayed report can recover any Bayesian plausible
disclosure policy in terms of precision control (Please check Theorem 1 in Ball [2019]).
However, since my model also involves designing what to be disclosed in addition to
precision control, there exist many disclosure policies which can not be implemented
through truthfully reporting with delay, like the policy ¥ in section 3 with the com-
ponent on the cost side, i.e. persuasion. However, Corollary 3 implies that truthfully

reporting with delay level D(¢;t*) weakly dominates other disclosure policies.

4.4. Sketch of the proof. In the first step, I focus on a subset of disclosure policies.

Lemma 3. Let I be the set of reporting policies such that the agent is induced to stop
acquiring information and makes a decision with probability 1. Furthermore, when he

does this on the equilibrium path, then

(1) The expert has already revealed all what she has observed.
(2) The agent’s belief is either 0 or in the interval [¢*, q%].

There exists an optimal reporting policy in I.

First, the expert does not prefer the agent to delay decision forever since she is strictly
impatient and gains utility only when decision is made.® Second, the expert prefers
the decision to be made as accurately as possible. Therefore, on the equilibrium path,

9The assumption on the expert’s preference is different from that in Ely and Szydlowski [2020], where
the sender gains utility only when the receiver exerts effort.
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she will not hold up any information when the agent makes decision.' Finally, their
preferences are perfectly aligned at belief p < ¢” and at belief p > ¢%. Both prefer
to conduct further information acquisition at belief p < ¢” and prefer to stop further

exploration at belief p > ¢.

Given any policy (7, M), denote v™) the induced belief martingale. For any reporting
policy in I}, the agent has already stopped information acquisition and made decision
with probability 1 at time T'(¢®; P). Denote 7™ = 7;7;;;[)7;) the induced belief distri-
bution at time T'(¢%;P). I call 7 the stopping belief distribution since it also gives the
distribution of beliefs at which the agent chooses to stop information acquisition. Fur-
ther, let me denote A(™)(¢) = ~™")(0), the probability that the agent believes the state

is exactly w; at time ¢. I call A\ weight accumulation speed. For any reporting policy in

I}, both the agent’s and the expert’s payoffs are fully determined by the pair (), 7).!!

Definition 2. A pair (A, 7) is implementable if there exists a reporting policy in I} with
weight accumulation speed )\ and stopping belief distribution r. Distribution T is achiev-

able if there exists an implementable pair (A, 7).

The second step of the proof derives the upper bound of A for any achievable 7. I offer a
sketch of the construction of the policy in /7 and rigorous definition is in the appendix.
The policy induces a belief martingale which either jumps to 0 or transits based on the
following reporting process. It starts from the research process and then transits to the
one one-step-ahead process at some transition time (7). At time 7(¢";P), it splits to
generate beliefs with the corresponding weights, which recovers 7 through the one-step-

ahead belief process thereafter. Figure 9 illustrates the policy.

Let me denote v* as the induced belief belief distribution and (A\*(-, 7), 7) the pair imple-
mented by the constructed policy.

Lemma 4. For any achievable 7, \*(t;7) > A(t), Vt > 0, for any implementable (A, T).

Let me offer an intuition of the proof in discrete time. Suppose there exists some disclo-

sure policy (7w, M) € I'1 which induces a belief martingale v and implements (A, 7), such

10pjease note that some information may be held up at off-equilibrium path to serve as a threat when the
agent deviates.

Hgpecifically, the agent’s payoff U (), 7) and the expert’s payoff V() 7) are given by
R R,
U\ 7) =m(0)p [Zye P A(s)ds + [ e "T#PIm(p)dr — e Jo TP et 1= Mt) = Lasrgeripy T (07, pe))] dt
R
V(A7) =m(0)p f::oo e PSA\(s)ds + j;]qp e PT@ P (p)dr
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!
i) (4" P)

FIGURE 9. Reporting process achieving 7. The black curve is the research
process P and the blue curve is the reporting process. The splitting at
T(q";P) is designed such that the belief martingale which either jumps to
0 or follows the reporting process can achieve 7.
that A(t) > A\*(¢; 7). First, the weight accumulating speed under full information disclo-
sure forms the upper bound among all plausible disclosure policies. Besides, \*(-;7) is

the same as the one under full information disclosure before transition time #(7), there-

fore t > £(7).

Under disclosure policy (7, M), I call p active at time ¢ if the agent still acquires infor-
mation when he forms belief p at time ¢. Denote P, the set of active beliefs at time ¢.

Moreover, define p4; d~; the expected active belief at time ¢. Similarly, one

_ p
o fPA,t Yt (Pa,t)
can also define P}, the set of active beliefs and pJ, , the expected active belief at time ¢

under our prescribed disclosure policy. Bayesian plausibility then implies that

A0 + L(zr(grpy [or AT +76(Pag)pas = po = N (6, 7)0 + Lasrrepy) [or pdT + 77 (P4 )Pk,
A1) + LgsrreyT (107 0e]) + 7 (Pag) = 1= X (6 7) + LasrreyT (67 pid) + 77 (Piy)

Therefore, we have that v,(Pa) < 7/(P4;) and pa; > pj,. To motivate the agent to
conduct further exploration at time ¢, the expert has to promise an expected continuation
payoff strictly higher than m(p ;) under (7, M). However, m(pj,) is the future payoff
generated under my prescribed disclosure policy. This is possible only if there exists
another ¢’ > ¢ such that A(¢') > \*(¢; 7). If we iterate this procedure, then contradiction

arises since \(¢) and \*(¢; 7) achieve the same upper bound 7(0) at the same time.

Let me denote I the set of all constructed policies (obtained by varying all achievable
78). I then characterize the optimal achievable stopping belief distribution 7. I divide
the characterization into two steps. In the first step, I derive the optimal stopping belief
distribution 7 given any transition time ¢. In the second step, I derive the optimal

transition time ¢*.
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Lemma 5. For any transition time 1, it is optimal to choose supp(7) = {0, Doy} among

all reporting policies in I5.

Lemma 5 implies that no further splitting of beliefs should be conducted at time T'(¢”; P).
Kamenica and Gentzkow [2011] implies that the optimal 7 is characterized through
concavifying the expert’s continuation payoff at time 7'(¢"; P). I show that such payoff

function is strictly concave.

Let me denote I'; the subset of all policies in I, without belief splitting at 7'(¢”; P). The
payoffs under these reporting policies are completely determined by the transition time

~

L.

Lemma 6. The optimal transition time is unique and is fully determined by the first

order condition.

Lemma 6 follows since the expert’s payoff is strictly concave with respect to the transi-

tion time . Combining Lemma 3, 4, 5 and Corollary 1, Theorem 1 then follows.

4.5. General payoff structure. In this subsection, we consider a general payoff struc-

ture shown in Table 5.

TABLE 5. General payoff structure

Payoff Policy
451 5]
State
w1 u(ar;w) u(ag;wr)
Wy u(ag; wy) u(ag; wo)

Moreover, we assume a; (a,) is optimal at state w; (ws), i.e.
u(ay;wy) > u(ag; wy)
u(ar;we) < ulag;w)

Similarly, the one-step-ahead process Q is defined as

—edt + e~P [ el
Qt+dt

) + (1= ) mi0)| = mla)

Qt+dt

We then derive the one-step-ahead process as

iy = _  aletpmia)
PTdt u(aw) — u(agw)

(8)
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We can also derive the closed-form of the process Q as

. u(ag;wi)+c
L [pu(ag; wy) + ] exp <mt>
e w1 ) e u(ag;w ¢’
plu(ag; wa) — ulag; wy)] [1 R (%tﬂ + %

Similarly, we define Q' the one-step-ahead process which passes p; at time £. We also
define Q(q) the one-step-ahead process with starting point ¢q. The next result shows that

the main results in Theorem 1 still hold if u(a; ws) > u(aq;ws).

Proposition 2. If u(as;ws) > u(aj;wy), then there exists some t* such that one optimal
policy induces a belief martingale which either jumps to belief 0 or follows the process

min{P, Q' }.

If u(ay; wy) < u(ay;w;), then the continuation payoff at time 7'(¢”; P) may not be concave.
We therefore need to adopt the persuasion channel to concavify this continuation payoff.

The following proposition describes the optimal policy when u(ay;ws) < u(ay;wy).

Proposition 3. If u(as;ws) < u(ai;wy), then there exists some (t],t5, q*) such that one
optimal policy induces a belief martingale which either jumps to 0 or

(1) At time interval [0,t3), it follows min{P, Q'1};

(2) At time t3, it is split between py; and q;

(3) After time t;, it then follows min {P, Q(q*) }

FIGURE 10. Optimal Reporting Process

To motivate the agent to acquire information upon receiving s,, the expert has to post-
pone the disclosure of s,. However, when u(a;;w;) > u(az; ws), the expert sacrifices more
when she puts off disclosing s,. Therefore, she prefers to put off the time at which in-

formation value hoarding starts, which then decreases the pool of hoarded information
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value. Facing limited amount of hoarded information value, the expert turns to per-
suasion to lower agent’s belief and therefore the opportunity cost. We show that there
exists at most one instant at which persuasion is conducted. Figure 10 illustrates the

reporting process.

5. EXTENSION

5.1. A more general signal structure. In this section, we allow for more general
information structure with breakthrough signals for both states. The signal space is

S = {by, by, a} and the information structure is given by Table 6.

Information structure Signal
bl bg a
State
wq AMI—=)dt| 0 | 1—=X1—1)dt
Wo 0 Apdt 1 — \pdt

TABLE 6. Generalized information structure. The signal b, (resp. b,) fully
reveals the state w(resp. ws)

Similarly, let me define generalized research process P as the one which tracks the evo-
lution of beliefs, given that breakthrough signals have not been received. The corre-
sponding ODE is

dp, = \pe(1 — pr) (1 — 29h)dt 9)

It is without loss of generality to assume ¢ < % Further, one can derive the threshold

T *p(i(‘f”_);)c (resp. ¢% = pﬁr((ll__fp))), beyond which the agent (resp. the expert) prefers to

stop information acquisition and make choice right away.

0 qe Qt+dt Grrat 1
FIGURE 11. Generalized one-step-ahead process. In the first step, ¢; is
split between 0 and ¢, 4, depicted by the blue arrow. Such splitting gener-
ates information value of red line, which just covers the opportunity cost.
In the second step, ¢4 is split between 1 and ¢, 4, depicted by the green
arrow.
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Given some knowledge gap (p;, ¢;) at time ¢, the expert will privately observe the signal

by, with probability f%pt)\@bdt if the agent acquires information at ¢. Let me define a belief
martingale by the following two-step procedure. The starting belief is ¢; > max {po, 3 }.
In the first step, it either jumps to 0 or moves up to ¢4, generating information value
which just covers the opportunity cost. The increment dj; = ¢;ra — §; is given by by
Equation (3). In the second step, ¢; either jumps to 1 with maximal probability, i.e.

Ag,dt, or moves down to G, 4. This generalized one-step-ahead process has an increment

dg: = Gi+at — Gi», given by

dge = (p + )G (@ — g)dt, (10)

where ¢ = ;ijr; The illustration of this belief martingale is depicted in Figure 11.
For any valid (¢, ), let me denote Q(t, ) the generalized one-step-ahead process which

passes g at t.

Proposition 4. One optimal policy (7*, M*) is specified as follows. There exists (i*, 0%, §*)
such that the splitting <§T(qp;75) (6%, Do+ ), dr(gP:p) (07, cj*)) of the beliefch(qp;ﬁ) (t*, pr ) concavi-
fies the expert’s continuation payoff at time T(G"; 75) The expert reveals by perfectly when-
ever she has privately observed it. Otherwise, the induced belief martingale either jumps

to 0 or transits according to the following reporting process,

e For any ¢ € [0, ), follow P.
e For any t € [t*, +00), follow the generalized one-step-ahead process until it hits

P, except that a splitting is conducted between jy- and §* at time 6*.

= e o ,,“' [
2 o e

Gr () (0" Do)
L G T

e (0°.0)

& 7(q"; P) 0 [ 0

FIGURE 12. Optimal reporting process under generalized information
structure. The black curve is the research process. The segment of red
curve after the transition time ¢* is the generalized one-step-ahead process.
The red curve is the optimal reporting process.
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There are two key instants of the optimal policy in Proposition 4. The first key instant
is t*, when the expert begins to hoard information value. The second key instant is 6%,
when the expert persuades the agent to lower his payoff of immediate decision-making.
Besides, such splitting is related to concavification of expert’s utility at time T(G"; 75).

Figure 12 illustrates the optimal policy in Proposition 4.
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APPENDIX A. LOWER BOUND OF PRIOR P,

Consider the case where the prior p, < % Note that if the prior p, is too small, then the
agent prefers to make decision immediately instead of acquiring information. There are
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two reasons underlying the argument. For one thing, little uncertainty is involved, so
the payoff of immediate decision making is large, leading to large time cost; For another,
it takes too long for the learning process to create strictly positive information value (or
value), which highly discounts the created information value. Let me define P(p,) as the
research progress process with the starting belief p,. Furthermore, p, € (0, %) is defined
as the solution to the following equation

(o) /oo e [ 1~ ma by Py m(O)dt—l—epr(qP;mpo)) by m(qp) C/T(qP;P(Po)) ot P, @ A
= —max<{ —2_ = Py)) =0 _
B)=P ), pe(p,)’ ¢ qr 0 pe(p,)

If py < Py then the policymaker will never fund research and therefore always make

decision immediately.

Our next Lemma shows that p, 1s both well and uniquely defined.
Lemma 7. There always exists a unique solution to the Equation (11).

Proof. For any p, define function M (p,) as

= T(q";P)

M(po) := P/ e <1 —maX{ P ,p—o}) m(O)dt+e‘PT<’1P;7’)@m(qp)—c/ et 20
t t

o pe(po)” a” q" 0 P(po)
Since M(1/2) > m(1/2) and M (0) < m(0), there always exists some p, such that M (p) =

m(po) due to the continuity M (p,).

Furthermore, for any pair of (po, pj) such that 0 < py < pj, < 3, one have the following

(o) T(Pf)ﬂ))
o _ Po  Po —pT(ply:P) PO / —_ont Po
M(p —p/ ept(l—max{ ,—})mOdt—i—eppO — M (p, —c/ e’ dt
o) =2, o) 1)) "0 pw) e Pi(po)
- Po Do T(p!,:P) PO TeoP) Po
= ,0/ e (1 — max{ : —/}> m(0)dt + e #TPoP) 2 () — c/ e dt
=0 Pe(po) Ph Po =0 Pe(po)
_ .y P! _ /.oy P
e TP (V1 () — m(p)) < (o) + P () — m(p))
0 0
The inequality is due to the fact that
> Do Po —pT(p! ;p)Po ’
p/ ept(l—max{—,—})mOdt+ep o —m(p,
=0 o) )" o)
R Po Po_ .
<p e’ (1 - —,) m(0)dt + —m(py) = m(po)
t=0 Po Do
Therefore, if M (p)) < m(pg), then M(pg) < m(po). O

APPENDIX B. TRADE-OFFS BALANCING

As is shown in Lemma 2, the hitting time 0(#) is decreasing in the transition time .
Put it in other words, to motivate the agent to make more accurate decision, the expert

has to begin hoarding information value earlier. This may lead to unnecessary delay in
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decision making since the expert has to delay disclosing private signal of breakthrough.
Therefore, the optimal transition time ¢* is set so as to balance the trade-off between
earlier information hoarding and more accurate decision making. Specifically, one can
represent the expert’s payoff upon the reporting policy, specified in Theorem 1 but with

transition time ¢, as

o(t) da. (£ ]
. ot Do dgi(?) —po(i) Po
W(t) = m(O)/ e P Tt + e D (g ) (12)
g o Dl Py
- > Po o) Po_
= pm(O)/ e 1 - — A dt +e” m(pyiy) (13)
0 min {Qt(t)me(f)} DPo(#) 0

In the first line of the equation above, the term p(o) dqt(t -; gives the probability that the

belief martingale jumps to belief zero exactly at time (t, t + dt]; In the second line, the

term 1 — is the accumulating'? probability that the belief martingale has

Po
min{qt (f) Po () }
already jumped to belief zero at time ¢. If the belief martingale is given by what is
specified in Theorem 1 with transition time ¢, then such probability is fixed at 1 — p9< )
since hitting time 6(). By the definition of reporting process Q(#), we have that 1 —
m <1- m, with strict inequality during time interval (Z,0(#)). Such
gap in accumulating probability is exactly brought up by unnecessary delayed decision
making.

By the definition of reporting process Q(t), the policymaker is indifferent between mak-
ing decision at any moment during in time interval [, §(¢)], which therefore implies that

o(t) da (£ o(%) R
J A S . e m(p)
i (1) q¢(t)dt Po(d) i (1) D
Discounted payoff if making decision at (%) Discounted research cost if funding until ¢7) ~ Discounted payoff if making decision at

Please note that the policymaker only funds the expert if he has not received a message

confirming the state being w; and the probability of the event at time ¢ is given by 2% o ( ok

Introduce the equation above into (12), one can derive another form of the expert’s payoff

as
i 0(%)
- dp;
W(t) = m(O)/ e O gy e P () + c/ et L0 gy (14)
0 Dt ptdt P ) ; (1)
Discounted payoff of early making decision at ¢ Research gr;;rqt occupation

One can consider an artificial scenario in which the expert is able to occupy the research
grant in addition to policy impact on social welfare. The expert chooses when to stop
information acquisition and begin to embezzle research funds. The optimal transition

12By “accumulating”, I mean that this probability is always increasing in time ¢;
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time ¢* is determined through balancing the payoff of early and therefore less accurate

decision making, and longer periods of research grants embezzlement.

APPENDIX C. MISSING PROOFS

C.1. Derivation of research progress process. If dp, = \p;(1 — p,)dt, then we have

that

= \dt = dlnp, — dIn(1 — p,) = dXt

Pt Po ¢

=dM = e

L—p 1_pt_ 1 —po
ipt:(l—pt)lfgpoe’\tj(l—l-1fop0€)‘t)pt: Po ox

1 —po
Po At A\
T—po © Do€

L+ g2 poeM + (1 — po)

= Pt =

C.2. Proof of Lemma 1. Denote IV; as payoff to the agent, who perfectly observes re-
search progress, if he chooses to stop research funding and make decision at time ¢, even

if he has not observed break-through signals. One then have that
AWy = Wipar — Wy

_ e—pt% {e—pdt A(1 = p)dt m(0) 4+ [1 — A(1 — p)dtjm(p + Ap(1 — p)dt) — m(p)] — cdt — pm(p)dt}

By the definition of ¢, one then have that dI¥, > 0 when p, < ¢ and dW, < 0 when

p; > q°. Therefore W, reaches its maximal value when p, = ¢*.

C.3. Proof of Proposition 1. In this subsection, we at first use the belief-based ap-
proach developed by Kamenica and Gentzkow [2011] to characterize the set of Bayesian
plausible information structure under imperfect information. Secondly, we then offer a

standard proof of Proposition 1.

C.3.1. Bayesian plausible information structure. Denote V; as payoff to the expert, who
is delegated of decision making in research funding, if she chooses to stop research fund-
ing and make decision at time ¢. Similarly, one can show that V, reaches its maximal

value when p, = ¢".

Before proving proposition 1, we at first extend Bayesian plausibility condition proposed

by Kamenica and Gentzkow [2011] to scenario where sender is imperfectly informed.
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Lemma 8. Suppose both sender (She) and receiver (He) share a common prior p,. Be-
sides, the sender is further privately informed with information structure (v,S = {s1, s2}).
If receiving signal s,, she updates her belief to p,. Otherwise, she updates belief p, > p.
Finally, she commits to some disclosure policy (7, M) before observing private signals. Be-

lief martingale ~ can be induced by some disclosure policy if and only if supp(vy) € [p1, po]
and [ (p)pdp = po.

Proof. Denote belief martingale o = (a(p;1),a(p2)) as the one induced by information

structure (7,S). Bayesian plausibility a(p;)p; + a(p2)p2 = po implies that

In the first step, we prove ”if” direction. For one thing, the receiver receives message m €
M with probability v(m) = a(p1)7(m|s1) + a(ps)7(m|s2); For another, based on Bayesian

updating principle, the receiver updates his belief to

i a(ps)m(mlss) a(py)m(mls) o € Ip1, pal.

a(p)(mlsi) + a(ps)i(mlse) > a(pi)w(mls)) + alp)7(m|ss

Moreover, we also have the following equation

/GM V(m)pmdm B /GM ’y(m) [oz(}h) <p2)~(m‘82) P2 a(p1>ﬁ-<m|51) )pl am

m(mls1) + a(p2)T(m|sz) a(pr)w(m[s1) + a(p2)7(mlss

= Oé(p2)P2/ 7T(m|s2)dm + a(p1)pr / 7(m|s1)dm = a(p2)p2 + a(p1)p1 = po
meM meM

In the second step, we prove “only if” direction. For any belief martingale ~, let me

define an information structure (7, [p1, p2]) as follows

plsy) = 2P 2= W) p2mp D
a(pr) p2 —m iz ﬁ? P2 — D1 D2 — Po

7vp € [plapQ] (15)
#(plse) = ') p—p1 ) P—p1 _ () L=
a(p2) p2 — p1 gg ii P2 — D1 Do — P1

At first, let me verify validity of the information structure (7, [p1, p2]). To show it, we

have that

~ . 7(]7) b2—Pp o P2 fpe[pl,m] 7(p)dp ~ Jpelp1.pa] 7(p>pdp
7(pls1)dp = dp =
pElp1,p2] velpyps) (1) P2 — P1 a(p1)(p2 — p1)

P2 — Po _ P2 — Do
O‘(ﬁl)(lb —p1) D2 — Do

=1

Similarly, one can also show that f 7(p|se)dp = 1. Secondly, we show that such

PE[p1,p2]
information structure (7, [p1, p2]) induces the belief martingale . This is true since if
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the receiver receives message p € [pi, p], then he updates his belief to

a(p1)7(pls1) a(p2)7(p|sz)
a(p1)7(plsy) + a(p2)7(plsz) " a(p)7(pls1) + alp2)7(plsz)
B a(p1) % — . a(p2) Jg’; e
T a(p) 2B R a(py) 28 2 T ) B e g () 200 2o
=k

p2—p pP—p1 =P
pP2—p1 p2—p1

C.3.2. Standard proof of Proposition 1. The responsiveness and directness, as men-
tioned in texts and which will be further elaborated in later texts, implies that second
round information disclosure will always be full information disclosure while the first
round information disclosure involves at most three messages, one message for each
action (including action a;, a; and acquiring information). Furthermore, since both the
expert and the agent share the same preference in choice-making, the agent should form
a belief 0 upon receiving message at which he chooses action a;. Similarly, he forms a
posterior f(py) upon receiving message at which he chooses action a,. Let me denote the
belief formed by the agent who receives the message and decides to acquire information
for another period as p’. Besides, let me denote the belief martingale induced by the
first round information disclosure as v = (7(0),v(p™), 7(f(po)))-

In the first step, we are going to show that it is without loss of optimality to restrict
p!" = ¢*. To prove this argument, for any belief martingale v which can be induced by
some disclosure policy, we construct another belief martingale + such that supp(y’) C
{0,4¢%, f(po)}. We then divide our proofs into three steps. First, we will show that the
belief martingale +' can be induced by some perturbed disclosure policy. Second, we
show that the disclosure policy can motivate the agent to acquire information in the first
period of the game. Finally, the expert weakly prefers belief martingale +' to v. Incentive
compatibility implies that p” < ¢*. Let me consider a perturbed first round information

disclosure policy with induced belief martingale 4’ such that supp(y’) C {0, ¢%, f(po)} and

7(0) = 7(0) + 5" (1 - %)
(g =v(p")E:
v (f(po)) = v(f(po))
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We argue that the belief martingale ' can be induced by some perturbed disclosure
policy. First, we have the following equation
p" p
F0) ) + () =(0) + 07 (1= 22 ) 4267 +9(7 )
=7(0) +7(p") + 7 (f(po) =1

Second, we also have Bayesian plausibility constraint as follows

F F

(0)- 04 7(q") - 4" + 7/ (F(po)) - Fpo) = [wm ") (1 - f]—)} 0900 = 0) - 0

=75(0) - 0+~(") - " +¥(f(po)) - f(po) = po

Therefore, Lemma 8 implies that the belief martingale 4’ can be induced by some disclo-
sure policy. For any belief martingale ~, let me denote the expert’s and agent’s payoff as
V() and W (v) respectively. Let me denote VI (IWF) and V¥ (W) the expert’s (agent’s)
payoff under full and no information disclosure, respectively. Next, we argue that the
belief martingale +/ is plausible in the sense that W (y') > W¥. This is due to the follow-

ing,

c 5+ 62 < po)
- + 1- 2 1m0

a*)a* a9 | T+ T 145400 -
W(W’)z(l—Lq Ja )WF+LQ Ja !

Po Po 5+6° po[ 1 . 5 q ol £® _q m
+1+5+52q*{ 140 +1+5<f<2>(po) (/ (po))+(1 f<2>(po)) (©
5+ 62 po [ [ c é f(po) e ~ f(po) m
I ots T T U0~ (—T + g [ e + (1- 7 ) mo) )|
Po 0 Do Po
BT EYE (c?‘ f(po)> (e+m(0)

_wr 2" )l ijgféz fg)z;)o) {m(f(po)) N (7 1 i 51 i 5 {fé(fz;)o)m(f@)(l’o)) + (1 - f{Qg]Z;l)) m(o)D}

Po é Do Po
i1 02 (qi* B f(po)) (e m(®)
S5+6% po m ([« o f(po) (£ __f(po) m
e A" | THOHS ) o)~ (~r5 + 155 [t oo + (1- 7 ) mo)] )
- Po 5 Do Po
e re <F - f(Po)) (e+m(0))
=W(y) =w"

Finally, we show that such perturbation in information disclosure weakly benefits the

expert since we have the following

)
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n_ [y o4 yE +( qf 5+ 62 _ P, 52 Po q m(F® T m
o] 5 (S ()
flp (2) _ f(po) m(0) — m, _ g _Po .
—VF 4 *)i 1+5+52 {( il eo)) + (1 f(Q)(Po)> © (f(po))] 146+ 42 f(po) (7{po))
_ V(@) 5 o 0
EEXETE (7* f(po))m( )
5 Po fpo) - r() _SWo) N oy B o P .
IRV EREELEICY [0 o + (1= 7 ) = migo0)] - e o)
Po ) (@7 Do )m(O)
C1+6+6> \g fpo)
5 Po f(po) 4 _SWo) N oy B Y po_ .
L VE oy | IO ) [yt o + (1= 762 ) m0) = mion)] ~ o gm0
po | ) (pfg_ Do )m(O)
L+d+462 \pF  f(po)
=V({)

Any belief martingale v with support {0, ¢*, f(po)} can be implemented by a convex com-
bination of policy 7/ and full information disclosure policy. Since Bayesian plausibility

implies that

()0+7( )q +7(f(po)) f (Po) = po

iC)
PO ’

any policy with martingale + can be implemented by 7/ with probability and full

information disclosure policy with probability 2]

f(po)

Denote VH and W as the expert’s and agent’s payoff under disclosure policy 7/. Once we
have restricted to the set of belief martingales v with support {0, ¢*, f(po)}, the expert’s
payoff V(v) (the agent’s payoff W (~)) is a convex combination of VZ (W#) and V¥ (W¥).
Then the optimal disclosure policy can be pinned down as a solution to the following

optimization problem,

max oV + (1 —a)VF
a€l0,1]
s.it. aWf + (1 — )W > W (Plausibility) (16)

Therefore if V¥ > V¥ then it is optimal for the expert to fully disclose information.
Otherwise, the expert prefers to maximize the weight on V' or, in other words, maxi-
mize the weight of belief martingale on ¢* subject to the constraint that the agent will
be motivated to acquire information in the first period. In later case, the optimal policy,

the optimal combination of 7/ and full information disclosure, is exactly the policy 7.
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C.4. Derivation of margin belief process. If d¢; = ¢,(pg; + ¢)dt, then we have that

d d
I g P g, = cdt
q(pa: + c) G pgtc

q

= d(Ing; —In(pq; + ¢)) = dct = dln =dct

(Ing: ~ n(pg: +0)) e
:> 111 qt _ ln qo — Ct :> Qt _ eln pq‘éo+c+0t _ QO ect

Pt + ¢ Pqo + ¢ P + ¢ pPqo + ¢
do n do n q(if— e CQOQCt

:>q:p €Cq+C eC:>q: pqo+c —

Y g+ T Tpgote ' — poatet pgo(l —e”) +c

C.5. Proof of Lemma 2. First, let me introduce some denotations. Denote a one-step-

ahead process, which passes p; at time #, as Q! with a typical element at time ¢ as qf.13

Moreover, for any ¢ < T'(¢”, P), define a function ~(t; ) by

v(t;t) = qf —p, VEE€[0,T(1; QE)].

First, y(t; 1) is strictly convex in ¢ since

2 (4.f ddif 4%t dlat (pat+c _ o dat
T = T — S = el - Gl = (e 4 2p0) F + A2~ )

= qt(c+2pg))(pgl + ¢) + Npi(1 —p)(2p, — 1) > 0.

Second, I will show that —dVC(l';;E)

< 0, where equality holds if and only if f = T'(¢", P).
t

The argument follows from the following

dpy

_dai| dp
dt

Cdt

dv(t; 1)
di

= qj(pa} + ) = Mpg(1 = pi) = pilpp; + ) — Api(1 = py) <0,
t=t

=t t=t

where the inequality holds if and only if p; = ¢”. Third, since (#;£) = 0 and %’;@ <0,

where equality holds if and only if £ = T'(¢”,P), the equation ~(¢;£) = 0 has ;(tactly
two solutions for any ¢ < T(¢”,P) while it has a single solution if f = T'(¢”,P). The
first argument and the argument that 6(T'(¢", P)) naturally follows. Finally, for any
t <t < T(q",P), one then have that %tf/) < d) < 0, which then implies that

A . t=t L P . .
v(t, 1) > 0 or ¢/ > p; = ¢'. Therefore, we further have that ¢;' > ¢/ and y(t;#) > ~(¢; ) for

any t < T(1; Q"). The argument that 0({) is strictly decreasing in ¢ then follows.

13please note that the process Q(%) is a lower envelope of process P and ot;
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C.6. Proof of Corollary 1. In the first step, we derive the derivative of hitting time
0(t). By the definition of hitting time function (), the following equation holds

o) o) qf () o
pi + / —dt =p;+ / —rdt e / [Apt(l — i) — a;(pa; + C)} dt=0 (17
t t t

Lemma 2 implies that one can take Implicit function theorem to derive ¢'(¢). Specifically,

by taking derivative of both sides of Equation above with respect to ¢, one then have that

Ao (1= Pagey) — abay (P + O] 0/0) = [Wwi(1 = i) = al(paf + )| = 0.
Furthermore, one can then derive 0'(¢) as

o (d) wil=p) —aflpaf+0)  pp—e—O+ppd  _ pla” =) (18)

- t t .  _ P
)‘pe(f)(l —pe(f)) - qg(,j)(qu(g) +¢c) —Po#) {()\ + p)pe@ — (A= c)} Pe(t)(Pe(t) q)

In the second step, we derive the partial derivative of term q:;(of) with respect to ¢, for any

t € (1,0(t)). At first, one can represent s as follows

pbo __ Po — Po

qt(t) epgeclt—h) e poeM  c—i)
pp;(1—ec(t=))pe poer+1-pg

At >
4;1;\»6 (1—ec(t_t))+c
R poeM+1—pg
poet 1 ce(t—i)
p—20 (1 eet=D) e
poeN'+1—pg
_poer  e(e—i)
poer+1-pg

_ et oty 4 (1 o]

c

Therefore, one can further derive the partial derivative of term qtp—(‘b with respect to ¢ as

20 ) )
L = (p+o)poe e — (1 — po)e~ (A — c)e” A (19)
—c(t—t c — 2\ —e(t—t __P 1—p-
= po(\ — ¢)e~<lt=Y) [% - %e ML = po(\ — c)eelt=D [1(]_13 _ pft]

Specifically, one can represent the expert’s payoff upon the reporting policy, specified in

Theorem 1 but with transition time ¢, as

0(f) h
. ¢ Do dgi(t) (8 Do
W) = m(O)/ e P Tt + e PP (g ) (20)
0 q:(t) q:(t)dt Do) o
= pm(0) / e 11— - p? dt + e—pe(f)p_0m<p6(£)) (21)
0 min {Qt(t)vpe(f)} Po(i)

By the definition of reporting process Q(f), the agent is indifferent between making
decision at any moment during in time interval [, ()], which therefore implies that

-0(f) ; R 0(%) R
/ et 20 dal) 4, o oy PO m(py(i)) — ¢ / et ot = e (py)
i (1) qi(t)dt Poi) ’ i (1) pi

Discounted payoff if making decision at 0(#) Discounted research cost if funding until 67) Discounted payoff if making decision at £
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Please note that the agent only funds the expert if he has not received a message

confirming the state being w; and the probability of the event at time ¢ is given by 2%

q(t
Introduce the equation above into (20), one can derive another form of the expert’s payi))ff
as ) .
W(t) = m(0) /t e"’t@%dt + e‘pf@m(pg) - 0/9(t) et L0 (22)
0 pe pedt Pi ) i (1) }
Discounted payoff of early making decision at Research grant occupation

Thirdly, by Equation (22), let me take a derivative of 1V (f) with respect to ¢ as

PQ_
W’(f) —e —pt_po _ dpt —ppoefpt—&-c |:efp9(t) Po__ 6’(f)—e pt _po } +Cf %) e—pt qétgt) dt

(pg )2 dt t=t (19<t)(t) q; (t)
. P N P
_ —pt Po _ —pt _—p0() _po_ __Pila” —p;) —pt Po —pt _ e—c(t—1) [1,q _ 1—175]
= e s A (1 - p;) — ppoe” Pt + ¢ [ e Foto oo -1 7€ + CI po(A —c)e o | 4t
s s ot pz(¢F —p;p) 1—qF 1-p; o(t) _
—e Pt%(;)\(l —p;) — ppoe Pt — ce=Pt I;o ce—pO() _Po_ 7 s + Cpo()\ _ c)eCt ( q}g _ pft) f{ (&) o= (pt+o)t gy

pg(t) Pe(t)(Pe(t) q

—(pte)t _o—(p+e)o(d)
— (A=t —pp| =S

_ efpf%(z [()\ —c)—(\ +P)p£] pi

= e PPE N1~ p;) — pp; — ] —e P20 ( o )

Po ct _
B Go Php + Pcecl [(A = ) 1 p

Po(t)—4
(>‘+P>(P9({) —qP)

2 o
_ .—ptpo P . o= (pto)(0(F)—1) Pi ec(0(H)—1) !
¢ A+p)a —p ){P+ “ {(Pem) (p+X)(pgy—a”)  pte

The second equality above follows from the introduction of Equation (18) and (19).

A . 2
=e P (A=) = A+ pp] — e P BN+ p)(a" — pp) (%>

Finally, I will characterize t* and show its uniqueness. At first, I will show that the term

P c(0()—1) .. . oA .
(%) T 0o a7 18 increasing in t. One can rewrite the term as
2 AN a ~ A N~
pi e pi pi 0D _ v prl e Ot e
Poy ) (0 + Mooy —a”) Do) - w070 (p+ N(pa@y — ") Pogy clp+ N)(Po@y — ")

pi[1— _ec(0(h)— t)]+c

Since f(t) is decreasing in ¢ from Lemma 2, one then have that all the terms P

i oc(0(H)—H)

’T@)) N o —a5)" Sec-

ppi1 — e« ®D-D] + ¢ and ry are increasing in ¢, so is (

1
c(p+A)(pocry—4
ondly, if the following holds,

2 ~ -
p{; C(@(t)—t) < 1
Poiy ] (P+N)Weiy —aF) ~ ptc

then W’({) > 0. Moreover since

2
) Ps ce(0(b) i) -
~lim = 00,
i1 P)\ Pty | (P + N (Poiy — 47)

and the continuity of W (-), there exists some #, such that

pﬁ i € (O(t1)—t) 1
> .
Doy ) (P+ Ny —a7)  ptec
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We therefore focus on the time interval (¢,, T(¢", P)]. Otherwise, we focus on the time in-

i 2 (6(5)—i
terval [0, T(¢”, P)]. Finally, in this time interval, the term ce~ (/o)) {( Pg ) 0070

Po ()

is always increasing in ¢. Accordingly, there exists a unique t* to maximize W (-). More-

over, if W’(0) < 0, then ¢t* = 0; Otherwise, ¢* is a solution to the equation

2 o
P — e~ (pta)(O(D)—1) (pg) e 1
a (
)

p+c Poiy ) (P+N)(Weiy —d") ptec

C.7. Proof of Corollary 2. One can further simplify the aggregate information value

s(t;t*) as
* Po Po
st ) = 2 22
=)
For any ¢t € [0,t"] U [0(t*), ), since ¢(t*) = p:, then s(t,t*) = 0. For any t € (t*,0(t")),
¢:(t*) = qI". Then let me take first order derivative of s(¢;t*) with respect to ¢ as follows

.
ds(t;t*) po_ dgl

_ podpt_po/\ 1— __po_ t* t* _)\_c_/\
= St = — c) ==+ — =
dt (@) dt + p? dt — p? pe(1 = py) ) q (pg; +c) P q (A+p)
— A _ c _ _ pperte —A(t—t*) | AQ=p) _ _(A—c)(t—t*)
- Dyx eA(t—t*) CDyx ec(t—t*) ()\ + p) T p € ppex+c €
P e ) H (1= p ) o [1—66“‘”)]4-6

As a result, the turning point ¢° is given by

. 1 A1 —pp
LR G )
A—c  ppetc

Moreover, for any ¢t < t°, s(t;t*) is increasing in ¢ and vice versa. Finally, As we have
shown in Lemma 2, §(f) > T(¢",P) with equality holding if and only if ¢ = T(¢”,P).
Therefore, we have that py(+) = gp+)(t*) = qg( oy > g”. One then have that

ds(t; t*) A c A—c¢

= ()=
dt gy Do) qé(t*) Do(tr)

A—c
—(A+p) < q—P_O\"‘P) =0,
which therefore implies that 0(¢*) > t°, with equality holding if and only if t* = T'(¢”, P).

C.8. Proof of Corollary 3. One can easily verify the reporting strategy of truthfully
report with delay D(¢;t*) exactly induces a belief martingale which either jumps to belief
0 or moves along the reporting process Q(¢*) with transition time ¢*. Besides, upon not
receiving a single message confirming the state being w;, the agent will not cut funding
until the hitting time 6(¢*). Therefore, the expert, under this reporting strategy, derives

what she can derive under optimal disclosure policy.

1

(0N (pgiy—aF) — pe
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Moreover, for any t € (t*,0(t*)), let me take derivative of both sides of Equation (7) with

respect to ¢ as

dps_p(ex)y _ dge(t¥) dp,s dD(tt*)\ _ dqf
dt =4 7 a t,:t_D(t;t*)(l T dt ) T dt
dqt* * * * *
_ D) g pi _1_ qt (pat +c) _ ] _ 4 lpai 40 Mp (qF —¢*")
dt dpt,’ Apt—D(t;t*)(l_pth(t;t*)) /\lﬁ (1*(12 ) )‘(1*‘15 ) t
dt’ |y =t—D(t;t%)

As we have shown that 0(t*) > T(¢", P) in Lemma 2, one then have that t* < T(qP Q(t*)) <
dD(t ¢

0(t*). Therefore, the turning point t” is given by T'(¢”, Q(t*)). Besides,
t € (t*,t2) while 24 < 0 for any ¢ € (2, 6(t*)).

) > 0 for any
dD( tt

C.9. Proof of Theorem 1. Our proof covers the case where p, > % However, it can be

easily generated to the case where p, € [QO, %) by replacing time 0 with time ¢(py).

C.9.1. Stopping belief distribution and its Bayesian plausibility. In the first step, we
argue that with probability 1, the agent will finally stop research funding and make

decision, given any dynamic disclosure policy.

We prove Lemma 3 by proving Lemma 9, 10 and 11.

Lemma 9. For any dynamic disclosure policy (7, M), the agent will stop research funding

and make decision with probability 1.

Proof. Suppose with some probability « > 0, the agent chooses to keep funding forever.

Let me define
o, := Pr(the agent continues funding research at time ¢).

By definition, «; is monotonically decreasing and therefore converges to a. As a result,
for any ¢, there exists some 7' > 0 such that a; — o < ¢, for any ¢t > T. Therefore at any

time ¢ > T, the agent’s continuation payoff is bounded above by

a [ o — « « o €
- e Pledt + — mazx,m(p) < — / e Pledt + —
ar Jo Q a+ € Jy o

By making ¢ extremely small, the terms above is below zero, which leads to contradic-
tion, as the agent can at least secure payoff m(p,) > 3 if stopping research funding and

making decision right away. O

For any dynamic disclosure policy (7, M), denote ™ M)( ) as the probability that the
agent chooses to stop funding and make decision exactly at time ¢ and if he believes that

the state w, is with probability p. Then, denote 7™ (p) := [ 7™M gt as the aggregate
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(across time) probability that the agent chooses to stop funding and make decision given
his belief being p. Lemma 9 then implies that 7(™) is a probability distribution over
A{w;,w,}. We therefore name such 7™") as stopping belief distribution induced
by dynamic disclosure policy (7, M). Moreover, if the agent chooses to stop research
funding and make decision, when he believes that the state is w,; with probability p,
the his belief will stay at p since then. This is due to the fact that there will be no
information acquisition since then and belief will no longer be updated. In this sense, it
is similar to static Bayesian persuasion (c.f. Kamenica and Gentzkow [2011]) which only
involves one step information disclosure. As a result, we have Bayesian plausibility

constraint,
1
/ pr ™M (p)dp = po, (7, M).
0

Finally, whenever there is no confusion, let me simplify 7(™*) as 77,

Example 1. In the three period model introduced in section 3, let us consider the uncer-

tainty increase dynamic disclosure policy. Under this dynamic disclosure policy, the be-

lief martingale, starting from prior p, jumps to belief 0 with probability po , to belief with
- Po f(po)

probability f(py) with probability % i ) - and to belief ¢* with probabzlzty » Fo)—a
Only if the first two beliefs are reached does the agent choose to stop funding and make

decision immediately, which implies that 1,(0) = % and 71(f(po)) = ’;0 f(io_;iq

the agent chooses to fund for another period and the belief martingale, resuming at be-

-; Otherwise,

llef q*, jumps to belief 0 with probability M and to belief (po) with probability

Fpo)—p §© F(po)—p
. Then, 15(0) = 2ot F00=1 and 72(f D(po)) = B ot 7l One can then

f (2)(13
derive that

-~

o fpo)— L @ (po)—¢*

T gf( 0)—q q*

(0) = 71(0) + (0) = 2

(Flpo)) = 1(F (o) = B

(12 (o)) = 12 FO (o) = ;&fw@@>
(

7(p) = 0, otherwise

\1

\
One can then show that

Jy 7(0)dp = 7(0) + 7(f(po)) + 7(fP(po)) = 1 |
Jy T(0)pdp = 7(0)0 + 7(f(po)) f (o) + T(f (1)) f (o) = po

C.9.2. Responsiveness. Let me focus on a subclass of dynamic disclosure policy under

which the expert has reported all her privately observed research progress whenever

the agent chooses to stop research funding. We define such property as follows
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Definition 3. A dynamic disclosure policy is responsive if the agent chooses to stop
research funding and make decision right away only when his belief is consistent with

the expert’s.

Lemma 10. It is without loss of optimality to focus on the set of responsive dynamic

disclosure policy.

Proof. Suppose that the expert’s belief at some time is given by ¢q. Moreover upon re-
ceiving some message, the agent forms a posterior p < ¢ and chooses to stop research
funding and make decision right away. Then he believes that his continuation payoff
will be weakly lower than m(p) if he continues to fund research and put off decision

making. Then let me consider a perturbed version of dynamic disclosure policy,

(1) The expert replaces the message, which leads that the agent quit research fund-
ing and making decision right away while forming posterior p, by revealing whether
the state is of w; (and therefore forms a posterior 0) or the state is w, with proba-
bility ¢; Furthermore, if the message which means that the state is w, is realized,
the expert commits to conceal all the information in the future if she gets funded.

(2) keeping all else the same.

If the agent receives the message which means that the state is exactly w;, then he
will make decision, by choosing policy a;, right away. Otherwise if the agent receives
the message which means that the state is w, with probability ¢ > py > %, then he will
also make decision, by choosing policy a,, right away since he knows that there will be no
information disclosure in the future even if he chooses to fund expert to conduct research
in the future. As a result, his expected payoffis given by Zm(q) + (1 —2)m(0) = m(p). Put
it in other words, the perturbed version of dynamic disclosure policy, compared to the
original one, improves social welfare through increasing the accuracy of agent’s choice
between candidate policy without delay. Moreover, such perturbation also induces the
agent to be more willing to fund research and delay decision making in previous periods
as it weakly increases the continuation payoff for the agent. Put it in other words, such
perturbation relaxes the incentive compatibility constraints in previous periods. Let me

define such dynamic disclosure policy as responsive dynamic disclosure policy. O

The definition of responsive dynamic disclosure policy (7, M) implies that the support
of its stopping belief distribution 7™ should be either 0 or weakly above p,. Or mathe-

matically we have that

supp(7") € {0} U [po, 1].
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Our next step argues that one can even further restrict its support to {0} U [¢*, ¢''] when

looking for optimal dynamic disclosure policy.

Lemma 11. It is without loss of optimality to further focus on a subset of responsive

dynamic disclosure policies with stopping belief distribution 7, whose support lies in
{0} U lg”, q".

Proof. Let us consider a responsive dynamic disclosure policy (7, M) with fp cery T (p)dp >
0, then the probability that the agent keeps research funding at 7'(¢%, P) is strictly pos-

itive. Let us consider a perturbation (7’, M’) of the original dynamic disclosure policy,

(1) For any history node such that the the agent keeps funding research prior to and
at T'(¢q", P), the expert replaces the message sent at the end of T'(¢®, P) by reveal-
ing all what she has previously learnt at 7'(¢”, P), inducing a belief martingale,
resuming from some belief p € (0, ¢"), jumping either to belief 0 or belief ¢ in-
stantly. Furthermore, she commits to disclose all what she has newly learnt in
time if she is funded to conduct information acquisition further;

(2) Keeping all else the same.

Contingent on the event that the agent keeps funding research prior to and at 7'(¢%, P),
suppose that the agent blindly follows the expert’s recommendations since then. Lemma
1 implies that the expert will recommends that the agent stop funding and make deci-
sion right away. We then argue that this recommendation is incentive compatible (when
the agent behaves strategically), since the preference of the agent is perfectly aligned
with the one of the expert except that the former has to bear the research cost. Finally,
the agent’s continuation payoff upon history nodes where the research has been funded
prior to and at T'(¢%, P) reaches maximum as the expert conducts full information dis-
closure since then. Therefore, the agent still keeps funding research along these history
nodes under the perturbed responsive dynamic disclosure policy (7, M’). Accordingly,
such perturbation strictly improves the expert’s payoff and restricts the support of 7’ to

{0} U [po, ¢¥']. Similarly, one can show that fp €lpoP) 7(p)dp = 0 at optimum. O

C.9.3. Directness and revelation principle. Let us consider a a sub-class responsive dy-
namic disclosure policies (7w, M) such that the message space M := {F,S;, S}, where F
means keeping research funding and 5; (5;) means stoping funding and choosing policy

ay (az). We name such property as directness.

Definition 4. A responsive dynamic disclosure policy is direct if at any time t, there

exists at most one message upon which the agent chooses to continue to fund research.
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t' i.e., restric-

In the forth step, we show that revelation principle holds in our contex
tion on the class of direct and responsive dynamic disclosure policies is without loss of

generality.

Lemma 12. It is without loss of generality to focus on the class of direct and responsive

dynamic disclosure policies.

Proof. Given any dynamic disclosure policy (7, M), let me write A(™")(t) as the accumu-
lating probability that the agent believes that the state is w; up to date . Whenever
there is no confusion, let me simplify it at A\"(¢). Please that A(¢) is monotonically in-
creasing and converges to 7(0). Let me name it as weight accumulation speed at
posterior 0. At first, different responsive dynamic disclosure policies end up with the
same payoff to both the expert and agent if they have the same weight accumulation
speed \ and stopping posterior distribution 7. Specifically, given (A, 7), the expert’s pay-
off is given by
V(AT) = p/oo e PPA(t)m(0)dt +/ e PTOP)r (pYm(p)dp,
0 pEla” q"]

and the agent’s payoff is given by

U T)=V(\7)—c /0 et {1 ) — /p T(p)dp] dt.

€lq” pt]
Secondly, for any responsive dynamic disclosure policy = with weight accumulation
speed and stopping posterior distribution (A", 7™), consider the following direct disclo-
sure policy. Att < T(q", P), the expert sends two messages, one is choosing policy a;, and
the other is keep funding research. The accumulating probability that the first message
is sent is given by A" (¢) while the instant probability that the second message is sent is
given by 1—-\"(t). Upon receiving the second message, the agent forms a posterior ;% Ok
Att € [T(¢",P), T(q", P)], the expert sends three messages, the first one is choosing pol-

icy a', the second one is keeping funding research and the third one is choosing policy a,.
The accumulating probability that the first message is sent is given by A" (¢); The instant
probability that the second message is sent is given by 1 — A" (¢) — fp P o) T (p)dp; Finally
the accumulating probability that the third message is sent is given by fp Pl T (p)dp.
Whenever it is with strictly positive probability that the second message is sent, the

l4Revelation principle in dynamic information design was introduced by Myerson [1986] and it has been
recently discussed by Doval and Ely [2018], Sugaya and Wolitzky [2019] and Makris and Renou [2018].
We show that revelation principle still holds in our setting, which is a stopping game with both continuous
time and state at each period evolving based on actions taken by the agent.
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agent forms a posterior

Po = Jocor o T (P)pdp
ﬁt()\,’f) _ OW fpe[(l ,Dt) - (23)

Please note that if t € [0, T(¢”,P)), then p; < ¢© and the interval [¢*, p;] is an empty set.
Further it implies that

/ 7" (p)pdp = / 7™ (p)dp = 0.
P€[qF ;pt] p€lq? ]

Therefore Equation (23) is a unified formulation for the posterior, at which the agent
continues to fund research. Besides the continuation payoff V;(\, 7) to the expert, if the

agent receives the second message at time ¢, is given by

—p(t'— —p[T(p,P)—
_rlie PEZDINE) = AWImO)dt + [y, gy TP (p)m(p)dp o

Vi(A7)

while the continuation payoff U;(), 7) to the agent is given by

[ e PE=011 — A\(¢) — fpe[qp,pt/] 7(p)dp|dt’

(25)
L= A(t) - pr[qP’pt] 7(p)dp

U\, 1) =Vi(A\ 1) —

We then argue that the direct dynamic disclosure policy is incentive compatible. By
construction, the direct disclosure policy 7” has weight accumulating speed at posterior
0 as A\™ and stopping posterior distribution 7. Based on our previous argument, the
direct dynamic disclosure policy 7” has the same payoff as the original dynamic disclo-
sure policy 7. Moreover at any ¢, ¢' is a garbling of all posteriors implied by messages,
upon which the agent continues to fund research at time ¢ in the original disclosure pol-
icy. As a result, the agent will still continue to fund research at the garbling of beliefs
implied by these messages, which therefore implies the incentive compatibility of the

direct disclosure policy. O

C.9.4. Fastest weight accumulation speed ). In the fifth step, we are going to study
the fastest weight accumulation speed, given some fixed stopping belief distribution
7™, among all direct and responsive dynamic disclosure policies (7, M). Basically, for
any stopping belief distribution 7 such that Bayesian plausibility constraint holds, we
construct an induced belief martingale and show that the underlying weight accumu-
lating speed )\ reaches its maximum. Furthermore, construction of the induced belief
martingale is divided into two parts, before and after time 7'(¢”; P), and conducted in

flashback.



50 WEI ZHAO

At first, let me assume that g,z p)(0) < ¢". Lemma 2 then implies that for any belief

p € [¢¥, ¢¥], there exists some transition time ((p) such that

0(¢(p)) =T(p; P).

To simplify notation, let me define belief 1(p) := qr,r»)(¢(p)). Mathematically, one can

solve for n(p) as

Cf,’](p)ec[T(p’P)_T(qP’P)] Cp
1 — ecdT(®P)=T(a"”P)) 4+ ¢ =p = nlp) = ecT(p,P)=T(a",P)] (¢ —op
pn(p (c+pp) — pp

One can easily verify that 7(¢”") = ¢". Besides, Lemma 2 implies that 7(p) is decreasing
in p.

Then we recover the second part (i.e. after time T'(¢”’; P)) of the belief martingale which
implements the stopping belief distribution 7. Suppose at time 7'(¢”; P), the belief mar-
tingale resumes at belief n(p) with some probability ~(p), which will be specified later,
for any p € [¢", ¢®!]; With the rest probability 1 — qqf v(p)dp, it resumes from belief 0. If
the belief martingale ends up resuming at belief 7(p), then it either jumps to belief 0 or
follows the reporting process Q(¢(p)). Besides, whenever the belief martingale jumps to
belief 0, it then stays there forever. Under this belief martingale, the agent, contingent
on the fact that belief martingale resumes at 7)(p) at time 7'(¢"’; P), will stop funding and
make decision at time 7'(p; P) if the belief martingale has not jumped to belief 0 until

then'®. This therefore implements a stopping belief distribution 7(-;y) where

Y(®P)n(p) ifp c [qP’ qR]

p ?

T0i7) = 1= [ g "2 dp, i p =0

0, otherwise

Consequently, in order to implement a stopping belief martingale 7, one should then set

v(p;T) = M, vp € [¢7, ¢"].

n(p)

Next, We recover the first part (i.e. before time T'(¢";P)) of the belief martingale. Let

me define 7)(7) as the weighted average of 7(p) or mathematically,

. 250
7(7) =/ r )- -n(p)dp.
p€lgf gt fpe[qP,qR] ~(p; T)dp

5Whenever the belief martingale jumps to belief 0, the agent will stop funding and make decision imme-
diately;
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Then let me define the transition time ¢(7) with which the reporting process Q(4(7))

transits to belief /() at time T'(¢”") or mathematically,

Qr(qrip) (P(T)) = 0)(7).

Then the first part of belief martingale is specified as, starting from belief pg, it either

jumps to belief 0 (and then stays therefore forever) or transits based on reporting process
Q(&(7)).-

Finally, let me combine the first and the second part of the belief martingale. If the
belief martingale has transited to belief /() at time T'(¢”’; P), then it jumps to belief 1(p)

with probability % instantly, for any p € [¢”, ¢'']. One can then derive the underlying

weight accumulation speed \*(+; 7) as

_ Po : P.
N(t7) = L= @@y ift < [0,7(¢":P))
_ T(P)p : P.
1 fPG[qP,qR] min{g:(¢(p)),p} dp, ift e [I'(q";P),o0)

In the following Lemma, we show that \*(-; 7) reaches the upper-bound of weight accu-

mulation speed. We rewrite Lemma 4 as the following lemma.

Lemma 13. For any pair of (A, 7), which can be implemented by some direct and respon-

sive dynamic disclosure policy, \*(-; T) is the fastest or
At) < X (t;7), Vt € [0, 00).
Proof. Let me define ¢ as follows
O :=inf{t: \N(t') < N (¢;7), Vi’ >t}

Since A(T(¢%,P)) = 7(0) = M*(T(¢",P), 7), we have that ¥ < T(¢”, P). Moreover if 9 <
(1), then ¥ = 0. This is due to the fact that

t
)\*(t;T):/ (L = pa)ds, Vi € #(7)
s=0

which gives the upper-bound of weight accumulating speed. Our remaining task is to
show that ¥ = 0. Suppose the argument is not true, then ¥ > ¢(7). In the first step, we
show that A(¢) < A*(¥; 7). Suppose this is not true, then we argue that \(J) < 7(0). Since
A(W) < 7(0), if the argument is wrong, then A\(9¥) = 7(0). Since both disclosure policies
are responsive, we have that \*(¢J;7) = 7(0), which then leads to contradiction. At first,
we consider the scenario in which ¥ > T'(¢”, P). Moreover, the continuation payoff at o

is given as follows (it is induced from Equation (25)),
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p /ﬂ " et [A(t) = A(@D)]m(0)dt + / e PTEPI=0 7 (pym(p)dp

€(po,q%]

—c/ e PN — A(t) — / 7(p)dpldt
v pele” pi]
1= AJ) - fpe[qP,pﬂ] 7(p)dp

[, /9 T MO (7) — AO)]m(0)dt + / e TP =07 (p)m(p)dp

PE(py,qF]

—c/ e PN — N (t;7) — / 7(p)dpldt
0 pelg” pil
1= A) - fpe[qP,pﬂ] 7(p)dp

p / eI (1 7) — X (0; 7)|m(0)dt + / e~ TP (p)m(p)dp
o p€(py,a¥]

Uﬁ()\, T) =

/N

—c/ e PN — N (t;7) — / 7(p)dpldt
v pElg” pi]
1= A?) - fpe[qP,pﬁ] 7(p)dp

7(p)p T(p)p
_ Joewo.a™) ooy ™ (@ (£(P)))dp _ Joetws.a™ wteen @ (P P)dp
1=AW) - fpe[qp,pﬂ] 7(p)dp 1=AW) - IPE[‘]PJM] 7(p)dp

. Po — fpe[qP,m} 7(p)dp

The first inequality follows from the definition of ¥, which implies that A(¢) < A*(¢; 7) for

= m(ps(A, 7))

any t > 1. The second inequality (the only strict inequality) follows from the assumption
that A(J) > A*(¥; 7). The second equality follows from three facts. At first, the numera-
tor of the term at the third line in the equation above is exactly the expected payoff to
the agent contingent on the fact he keeps funding research until then. Secondly, at time
t, the belief martingale assigns probability % on belief gy(p(p)). Thirdly, given our
constructed disclosure policy, the continuation payoff to the agent, upon receiving mes-
sage which implies posterior ¢y(¢(p)), is given by m(qy((p))). The forth equality follows
from Bayesian plausibility constraint. The last equality follows from the definition of
pt(A, 7), which is implied by Equation (23). At time ¢, if the agent has not yet received
a message confirming the state being w; and forms belief p,(\, 7), he, therefore, prefers
to stop funding, making decision right away, rather than keep funding research, putting

off decision making in the future. This then leads to the failure of implementation of

stopping belief distribution 7 and therefore contradiction.

Similarly, in the case where ¥ € (4(7),T(¢", P)), the continuation payoff at +J, given

direct and responsive disclosure policy (), 7), is
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[, /9 T MO E) = A@)]m(0)dt + /p ; e~ TP =07 (p)m(p)dp

7" .,q"]
—c/ e PN — A1) —/ 7(p)dpldt
4 pEla” pt]
1 —A(9)

o [N ) A [ AT )y

€lg? ,q"]

Uﬂ()\,T) = —

—c/ e PN — A (t;7) —/ T(p)dp]dt
0 PElg” pi]

e

bémeMt%xuw»—vwwwmmﬁ+/’ e TBPID () (p) dp

p€(qf ,qF]

—c Ooe_p(t_ﬁ) — \N(t; 1) — T
j | erernexen - [
1 —A(0)
e ™w(@(n)  Em (@)
_ qe(p(1)) _qe(p(7)) _ A
R

The second equality follows from the fact that, given our constructed belief martingale,

at v € (¢(7),T(¢", P)), the agent assigns probability q;((ﬁgg)) on belief ¢y(¢(p)). Moreover,
given this belief, the agent chooses to continue to fund research and gain continuation
payoff m(gs(v(p))). The last equality follows from the definition of py(\, 7). A contradic-
tion, again, has been reached. All in all, it can not be true that \(J) > A\*(¢; 7), otherwise

stopping belief distribution 7 can not be implemented.

If A(¥) < X (9;7) and ¥ > 0, then for any € > 0, there exists some ¢ € (J — ¢,9) such that
A(t) > M\*(t;7). At first, we focus on the case in which ¢ > T'(¢”, P) (The case in which
9 € (t*(1),T(q", P)] is similar and therefore ignored) we pick ¢ small enough such that
m(0)
[c + pm(0)]e
Y —e>T(¢", P)

> 1

Therefore the continuation payoff at 1, given direct and responsive disclosure policy

(A, 7), is given as follows



54 WEI ZHAO

p [N ~AOmOds + [ TP )y
] pE(pe.a¥]

—c/ e PO — A(s) —/ 7(p)dplds
t pEle” ps]

U\, 71) =
t(A,7) L= () = [ eiyr pg T(P)dD
p / e PN (5:7) — M (85 7)]m(0)ds + / e TP (pym(p)dp
] pE(pt,q%]
—c/ e PO — N (s;7) — / 7(p)dplds
_ ¢ PElg” ps]

- )‘(t) - fpe[qp,pt] T(p)dp
| et pm(O]J) e TI(s) = X5 7)]ds — [A(E) = X (8 7)m(0)
I )‘(t) - fpe[qP,pt] T(P)dp
¢+ pm(0)] [ e PN (s) — N (s;7)]ds — [A(£) — X*(¢;7)m(0)
L= At) = [peigrpg T(P)dP

The first inequality follows from the following equation

=m(p;(\, 7)) + [

p /t e [A(s) — A(t)]Jm(0)ds

o0

9
o [N = AOm(Ods 5 [ eI ) = MBlm(0)ds

o0

9
< p/t e PETIA(s) — A(1)]m(0)ds + /J‘/ﬁ e PETION (s;m) = A(t)]m(0)ds

o0

9 )
) /t e=PD\* (5:7) — AB)]m(0)ds + p [9 PO\ (55 7) — A(B)]m(0)ds + p /t e=PE=D [\ (5) — A* (s 7)]m(0)ds

oo 9
—) /t PO\ (53 7) — A#)]m(0)ds + p / PO [A(s) — N (s 7)]m(0)ds

t

lo's) oo 9

= e PO (s:7) — N (£ 7)]m s — e Pt s — XN (t; 7)m e PETOIN(s) — N (s:7)]m s

—p/t V" (s57) — N (6 )m(0)d ”/t ds|A(t) — N (t:7)] ‘O”p/t \(s) — N*(s; 7)lm(0)d
9

—p / T eI (s57) = X (1 )lm(0)ds — [AE) = A (5 7)m(0) + p / e CTIN(s) = N (s 7)m(0)ds

Similarly, we also have that

/S e Z A (s) — / ~(p)dplds

>t PEla” ps]
> / e PO — N (s;7) — / 7(p)dplds — / e PETDIN(s) — A (s;7)]ds
t pepe(q” ps] se(t,0)

The second equality follows from the previous argument and therefore ignored. Hence-

forth, to satisfy incentive compatibility constraint, it is required that

e+ pm(0)] /t PN (s) — \*(s: 7)]ds — [A(E) — A* (£ 7)]m(0) > 0.
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Therefore it requires that there exists some ¢; € (¢,9) such that
[e + pm(0)]e I (t) = A" (15 7)](0 = ) = m(0)[A(E) = A (t;7)]
Moreover since we have that
[+ pm(0)]e™" O (tr) — N (t 7)](9 = 1) < [e+ pm(0)][A(t) — A (ti: 7)]e,

combining these two inequalities, we then have that

m(0)

P‘(tl) - Xk(tl;T)] > m

(M) = A (& 7))

Since the term % is strictly larger than 1, if we repeat this process by some finite

n times, we can find some ¢, € (¢,_1,7) such that

m(0)

[A(tn) = N (tn; 7)] > [m

]"ww AT > A7) = N (),

which therefore achieves contradiction since \(¢) is monotonically increasing and A(¢) <
A (05 7). O

To end this subsection, we relax the assumption adopted at the beginning of this sub-

section by considering that
qr(gr:)(0) > n(g").
Our next corollary shows that for any 7™ which can be implemented by some direct and

responsive dynamic disclosure policy (7, M), then there exists some ¢ € [0, T(¢"; P)] such

that dr(qP;P) (t> = ﬁ(7—>

Corollary 4. For any direct and responsive dynamic disclosure policy (w, M) with im-

plemented (\™,77), then

dr(qP;P) (0) < If](Tﬂ)‘

Proof. Suppose on the contrary, we have that ¢;(r. ) (0) > 7(7™) for some (\",7™). Then
there exists ¢ € (0, 1) such that

qu + (1 - C)ﬁ(’rw) = qT(qP;P)<O)'

Then let me denote (77", M¥') as the full information disclosure policy. Moreover, let me
define the following disclosure policy (7’, M’) as, at time zero, the expert, commits to

dynamic disclosure policy (7, M) with probability ¢ and to policy (7, M) with the rest
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probability 1 — (. One then have that

F

U\, 7™) = CUN™ 77 ) + (1 = QU (A", 77) > Up(A™, 77).

Moreover, Lemma 13 implies that
N (t:7™) > N7 (1), Yt € [0,00).
Therefore, we have that
Uo(N* (6 77),77) = Up(A™, 7™ ) > Up(A", 77).

Moreover, by the definition of ¢, one then have that $(7™) = 0. Therefore, we also have
that
m(po) = Ug(N*(t;7™ ), 7™ ) > Ug(N™, 77).

We have therefore reached a contradiction as (A", 77) can not be implemented. O

C.9.5. Optimal stopping belief distribution r. Our remaining task, after the procedures
of refinery in previous subsection, is to pin down the optimal stopping belief distribution
7. To do this, let me remind you how we combine these two parts of belief martingales
in the previous subsection. To implement some stopping belief distribution 7, at time
T(q"”;P), the expert is supposed to conduct a splitting of 7(7) among interval [¢”, 7n(¢?)],
such that the induced belief martingale jumps to belief n(p) with probability 4(p;7) =

Y(p;7T)

P R
fpe[qp’qR] 'Y(p;T)dp’ for any p e [q 7q ].

For any belief 11 € [¢7,n(¢")], let me define O" as a margin belief process with starting

belief 1. Specifically,

ct
o cue

T ol — e+

ANg < 1.
c
Then let me define 0(q) as the time when research progress process P with starting belief
¢ intersects with the margin belief process Q*. Mathematically,

cue®) P

pu[l — eDW] + ¢ gP(eM) — 1) +1

(26)

One can turn to Lemma 2 to show that é() is well defined and strictly decreasing in .
One can simply verify that 6(¢®) = 0. Finally, let me define value function V(u) as
- zm [
Vi =mip) e [ e L
0 dy

Kamenica and Gentzkow [2011] implies that, fix some transition time ¢ € [0, T(¢";P)],

the optimal stopping belief distribution 7*(-;#) can be derived through concavification of
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V(-) within interval [¢,n(¢")] at belief prr.p (f). Our next Lemma shows that V() is
(¢75P)

concave within interval [¢”, n(¢?)], which, as an immediate corollary, implies that

(

Po : _ (F
pe(tf)(tA)’ lfp - p@(t) (t)

™ (p: t) = — P ifp=
pit) =1 - 25, ifp=0

0, otherwise

\

We rewrite Lemma 5 as the following lemma.
Lemma 14. V(1) is concave in p for any p € [¢F, n(q™)].

Proof. In the first step, we simplify V(1) and show that V(1) is concave in y if and only

if function
W(p) = _ue—(Hﬂ)@(u)

is concave in . One can rewrite V(1) as follows

V() = m(p) —i—cfe(“)e_”ti%dt u—l—cfe(”) TPt

cpect
pu(l—ect)+te

_ /L‘i‘ f@(u e —pt ppr(1— eCt)+cdt u+f09(ﬂ) e—(p—f—c)t( M+C>dt — pu foe(ﬂ) €_ptdt

_ putC (1 _ - +c§ _ _ o=l pute o( _ putc—ch
_M+p;¢+c<1 e~ (PO — (1 — e=PO)) = e te’ ) ( Ie ()

— pute 4 oo —pB(p) citpp—(putcle
pte pte

By the definition of 6(¢q), which is defined in Equation (26), one then have that

—c(p)

) _ = culg” + (1 - qp)e_w(“)]'
qP

(pp+c)e

Therefore, one can further simplify V(1) as

S cl— cula®+(1—g")e 0] 1—gP ~ +c¢ 1-4F
V(p) = M-&-e_”e(“) a” _ppte 1=q¢ ¢ Q)i — PRTC 27T € W ().

(&
pte pte ptc qaf prc pte 4" ptec

Therefore V" (1) is negative in (¢”, 7(¢")) if and only if W” (1) is negative in (¢*, n(¢™)).

Then let me take a derivative of W (-) as

W' (1) = —e~ 000 4 (X 4 p)ue= OO0 (1) = =+ (X + p)uf) (1) — 1].
Further, let me take a derivative of W'(-) as

W(p) = —e CEPW[(X 4 p)uf) (12) — 1A + p)B (1) + e~ AW (X + p)[0' (1) + a6 (1)
= eI (N 4 p)[26' (1) + b (1) = (A + p) (0 (1))
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Our remaining task is to show that the term

20' (1) + 6" (1) — (A + p)(0'(1))* < 0 (27)

In the second step, we show that the term

_oFP _1\p
cle+p)+ (A= C)Qqu e A1) @) =0
(¢4 p) = 1A (A = c)e ’

26" (1) + " (1) + 1

for any p € (¢¥,n(¢")). Then Equation (27) immediately follows since #'(y) is strictly
negative from Lemma 2. From Equation (26) implies that

cpec®() qPe i) c qF

pr(l—e ) e g (1)1 (p+2)e= W —p — qP4(1—qP)e= 20w

: : e o
= clg” + (1= ¢")e W] = "[(p + £)e=0) — p] = p+ £ = (c+ p)e) 4 g =IOl

Let me take derivative of ;1 on both sides of the equation above, one then have that

=(c+p 0k oy ) + —C(l_ﬁp)e‘(’\‘c)é(“) 1)\ — )& U
q

e = T (W)(c+ p) — T (A — )]

%

(28)

4

One can easily verify that #(1) is strictly negative in interval (¢”,7(¢%)) from Equation

(28) since

)\7
1-4" o _1-d" _1=55 _c+p
—p ¢ STP T e oo
q q Ap

for any 1 € (¢7,n(¢?)). Let me further take derivative of 1 on both sides of the Equation
(28), one then have that

= W0/ (1))?[(c + p) = (A = €)e™ 0] 4 e ()[(c + p) — FE=(A = )]

.
c(et+p)+(A—c)? %e’w(”)
(c+p) = 1=h (A=)e=A0)

22l 2w et o) — LT e 2w
Mg—( M)X( M2)_ . 0'(1)[(c + p) . (A—¢) ]

Accordingly, we have that

eM0[(c 4 p) — of= (A — c)e W] [é"(u) +

P ~
c(etp)+(A—c)? %e’w(”)
(c+p)—1=h (A=)e= A0

= = 2e W0 (n)l(c + p) = (A = )e W)

~ P ~
eV l(etp) =2 f (e

q

20 (1) + 6" (1) + o

—dP _ziu
cletp)+A—e)? Lgme M )] =0
(c+p)—h (A—)e=A0w)
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The argument has therefore been shown. O

C.10. Derivation of one-step-ahead process in Section 4.5. Equation (8) implies

that

%4 (1(0) — w(ay; 0)) = [pmlar) + cldt

4t
N dq, _ dt

alpm(q:) +c] - m(0) — u(a1;0)
N dgq; _ dt

q [plufai; 1) —u(ai; 0)]g + pu(ai; 0) + ¢ m(0) — u(as;0)
@@ B plu(ay; 1) — u(ay; 0)]dg, _ [pu(as;0) + c|dt

@ plula;1) —u(as;0)]q + pu(a;0) + ¢ m(0) — u(ay;0)
[pu(ay;0) + c|dt

<dlng — din[plu(as; 1) — u(aq;0)]q + pu(as;0) + ¢] = m(0) — u(ar; 0)

. q _ [pu(a1;0) + cdt
Sdl plu(ay; 1) — u(as; 0)]g: + pu(aq; 0) + c} ~ m(0) — u(ay;0)
@ - Q% e, [ 1P 0) + ]
T olulan: 1) —u(ar; 0)ar + pular;0) + ¢ pluar: 1) — u(ar; 0)lao + pular0) fc (m(O) — u(as; O)t)

) [pu(a1;0)+c]
[pu(CLl? O) + C] exp <mp(0)ju(a1;0) t)

plu(ar; 1) — u(ay;0)] [exp (%0 _ 1} 4 pu(ar0)+e

90

<Gt =

C.11. Proof of Proposition 2 and 3. All results prior Lemma 5 holds. We then show
that if u(ag; wy) > u(as;w;), Lemma 14 holds.
We at first consider the definition of A(1), given as follows

pu(az;wy)te

gF et plpu(az; wi) + cf exp (me(ﬂ))

g7+ (1=0")  {pulu(as; ws) — u(az;wi)] + pu(az;wr) + ¢} — pplulaz; wa) — ulaz; w1)] exp (—’”‘(”MHC t) 7

u(ay;wr)—u(az;wi)

which then implies that

1-4" s gy _
qr pu(az;wi) +c plpu(az;wi) + ¢

plulaz;wz) —ulaz;wi)] _ pplu(az;wz) —u(az;wn)] + pu(azswr) +¢ (_ pulag;wi) + ¢ )é(u)) 29)

u(ar;wi) — u(ag; wi
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The expert’s continuation payoff is given by

_ 6(n) u
V) =mGo e [ e bt
0 q

e [ e £ d
=m(p) + c/ e —_—— t
pu(agiwi)tc pu(agiwi)+tec
u(al;m)*u(aww)tHJr Z

plu(az;wz)—u(az;wr)] {1*9)(13(

_ 0w, ( pulu(ag; wa) — u(as;w)] + pu(as;w) +c pu(az;w) +ec pulu(az; wz) — u(az;w1)]
=m(pu)+c e ” exp [ — t) — dt
0 pu(az;wi) +c u(ar;wi) — u(az;wi) pulaz;wi) +c

i) ooz o] [P0 oy i) e s plemen) v [T (e )
- () — LML) O] () o)

| pulu(aziwn) }ZEZEZST ’ u(az;w) + e p[u(al;wj(fl;alz); ;11;}((?;21(312@1) — {1 — exp (_ (p N u(afuf;(j;_w; )(:2 ;Cwl)) 5(#))}
_ F) +ct [“(‘22;(2); ;17;86:2 C WUl —pb(n)

_ p[u(a1§w11;(iz11lz;12); ;jff;ﬁ}lml) - pulu(az;wa) _;JZ((ZZ:;]:CW(MM) e (7 (p + u(af?&i??fl)(;;cwl)) i u))

for some linear function f(-).

Then we insert Equation (29) into the formula of V' (1), one then have that

_ . . . . P . .
Vip) = —p0(p) { plu(az;wz) —u(az;wi)] u(a1;w1) — u(az;wi) {1 46w plulaz;wz) — ufas; wl)]} |
() = flu) +e ¢ pu(az;wi) +c Hp[’u(aﬂwl)*U(CLQ;OJI)}‘FPU(O'Q?WI)‘FC q” ‘ L pulaz;wi) +c J
_ _ u(ay;wi) — u(az; wi) [1 = 4" i Plulaziws) — u(arswn)] —pé(u)}
= Fw) Cp[u(al;wl) — u(az;wi1)] + pu(az;wi) + ¢ P He * pu(az;wi) +c He .

Equation (29) implies that

1—q% . pu(ag;wi) +c¢ ]~ pulaz;wi) + ¢+ plufaz;wz) —ufazswi)] pu(ag;wi) +¢c
P ({u(al;wl)fu(ag;wl) )\} 9(“)) * pu(az;wi) + ¢ p(u(al;wl)fu(az;wl)e )

_plulaziws) —u(agiwi)] | 1 30)
pu(az;wi) + ¢ "

Take derivative of Equation (30) with respect to 1 on both sides, we then have that

1 1-4" exp({ : pu(az;wi) + ¢ ; _)\} é(u)) {)\_ ( pufaz;wi) + ¢ }é/(“)

w2 qF u(a1;w1) — u(az;wi u(a1;w1) — u(az;wi)
n pulaz;wi) + ¢+ plufag;wa) — uazsw1)] ( pu(aziw) ¢ 5 ) pu(az;wi) +c 7 (1)
pu(az;wi) + ¢ u(ai;wi) — u(az;wi) u(ai;wi) — ulag;wi)
~ . . . . _ . _ P . -
:6’(u)exp( pulaziw) ¢ 5 )) [ﬂu(a27W1)+C+P[U(a27w2) u(az;w1)] 1-—g¢ {/\_ pu(az;wi) +c }e*w(“)}
u(ar;wi) — u(ag;wi) u(ai;wi) — ulag;wi) qf u(ai;wi) — u(az;wi)

(31)

Take derivative of Equation (31) with respect to 1 on both sides, we then have that
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2 () exp ( pulagwn) + ¢ 5(#)) g(w)

1 u(ay;wy) — ulag; wy)

n pu(az;wy) +c | (é'(u))Qexp (u( pu(az;wi) + ¢ )5(/0) 9(p)

u(ay;wy) — ulag; wy ar;wy) — uag;w

ey (AL ) (i) - e e

(32)

where

() = pulaz;wi) + ¢+ plu(ag; wa) — u(ag;wi)]  1—¢" [)\ ~ pulagiw) +c } o= M(w)
u(ay;wy) — ulag; wy) q” u(ay;wy) — ulag;wy)

Moreover, Equation (30) implies that

2__2 1
3 pooopR
2 -, pu(ag;wi) +¢ = )
S 0 33
20 exp () ) ot 33)

Combining Equation (32) and (33), one then have that

0 =6" (1) exp (u(af ujj; fi&szl)é(u)) 9(w)

e (i) e (i) ) o

Hexp< pulag;wi) + ¢ )5(u)) (9’<u))2 1—gP {A_ . pulaz;w) + ¢ ]e—W)

U(a1§wl) - U(a2§wl P a1, wl) - U(a2;wl)

pu(ag;wr) +¢ =

u<a1;w1) - u((lg,wl)9<’u)) g(,“)?

9
26 () exp (
1

which then implies that

\L=df [)\ _ ___pu(agiwi)+c } e~ A0(k)
~ ~ ; +c q? u(ar;wi)—u(az;wi) ~ 2
9// + 29/ + pu(a2a wl) + 9/ -0
Ho(p) (1) [u(al; wy) — u(ag; wy) g(p) H < (u))
(34)

We then show that the function —ue ** is concave in i for any constant o > 0. Take the

first derivative of —ue—®) with respect to j, one then have that

d — e _ _
# = e [apd (1) — 1]

Take the second derivative of — ue‘o‘é(“) with respect to i, one thne have that

d2 — Me_aé(u)

ar e a2/ (1) + pb" (1) — (' (1))?] < .
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The inequality is due to Equation (34).

Therefore, we argue that if u(ay;w;) — u(ai;wi) > 0, then the function V(y) is strictly
concave in p. All our results hold. On the other hand, if u(as; ws) — u(a;;wy) < 0, then the

function V(1) may be convex in ;.. We then need persuasion to concavify V (y).

C.12. Derivation of research progress process P. The derivation of the research
progress process P is similar to that of the process P except that the intensity coefficient

A in the later process being replaced with the coefficient A(1 — 2¢) in the former process.

The rest part of this subsection is devoted into the derivation of the belief martingale

7516 induced by expert’s information acquisition. Specifically, at any time ¢, the support

of 7' is given by supp(7/) = {0,p;,1}. Moreover, at any time ¢, Bayesian persuasion

constraint then implies that

F )+ F (p) +7F (1) =1 (85)

7 (0)0 + 7 (pe)pe + 77 (1)1 = po (36)
At time ¢ + dt, the probability 7,4 (1) on belief 1 is given by
Ttidtu) = TtF(1> + TtF(pt)pt)\i/fdt = thF(l) = TtF(Pt>Pt)\wdt

Introducing Equation (36) into the equation above, one then have that

drl' (1) = [po — 7F (1)) \pdt = z% = Mdt = d (—In(py — 7/°(1))) = dIt
F _ po— 15 (0)
= In(pp — 75 (1)) —In(py — 7, (1)) = Myt = In o= F(1) At

= TtF(1> =po — (po — T{(t))e_wt = po — poe V!

Besides, based on Equation (36), the probability 7/ (p;) on belief p; is given by

Py Po— 10 (1) po— (Po—poe ) py
Tt (pt) B Di B Dt B p_te ‘

Finally, based on Equation (35) implies that the probability 7;(0) on belief 0 is given by

- - - 1-— -
() = 1= () = ) = 1=po (1-e7) = Pre™ = (1 po) = e (1 p) = (1) | 70 = D™

16The up-script F stands for full information disclosure.
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C.13. Derivation of margin belief process Q. Let me denote ¢, € A(A {wy,w.}) as
a belief martingale with support {0, ¢;+4, 1}. To meet the condition of perfectly disclos-
ing breakthrough signal b, immediately whenever receiving it, we therefore set (;(1) as
the probability that the researcher privately observes this signal. Mathematically, the
following equation holds, )

G(1) = ]‘%mwdt — Gt (37)
Besides, increment dg, = §i+4, — ¢: 1s set such that the policymaker is indifferent be-
tween making decision immediately and funding research for another dt period, being

better informed under belief martingale (; and putting off decision making dt period

later. Mathematically, ;.4 (or dg;) solves the following equation

m(G) = —cdt + e P [G(0)m(0) + G (Gerar) M (Gerar) + G(1)m(1)] (38)
Denote ¢ = iﬁ;;, one could then solve for dg; as

dg = (p+ )G (@ — q) dt (39)
Bayesian plausibility implies that

G(0) 4 Ge(Geyar) + G(1) =1
G(0)0 + Ce(Gerar) Gear + G (1)1 =

Combining Equation (37), (38) and (40) then implies Equation (39).

(40)

Furthermore, At first, we have the following equation

1/ dg  dj dg
—(~ & —ﬁ)=—~ L = (A + p)at
q\Gt—4q G (@G — q)a

As for the LHS of the equation above, one then have that

1/ di,  di 1 1 Gt —
_(~% _f&):—WHMﬁ—@—dhﬁﬂz—dm(%~g)-
q\&—q G q B 4 e

For any ¢y € [3,1] N (¢, 1], one, through combine these two equations above, then have

that
1 G —q do — ¢ G —q
L H - ) _m( 0 )] - (Awp)t:,ln( Gt ) — ()t
q a do 4@ 4qo—4¢g
N - 4 B _ qow+pr o - 4_ D79 qopror g _ g _ P79 g0yt
G qo—4g 4z do q qo0
g _ D79 qpupr g, = . 7; _ . 7q2
qt do 1 — 074 g(Mp+p)t 1 DT (Mp—o)t

90 q0
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C.14. Properties of function 7j(-) and 0(-). Let me define function x(t;7) as the differ-
ence between the margin belief process é(ﬁg, t) and the research progress process P at

time ¢. Or mathematically, it is defined as

Denote s := max {T(%; P), 0}. In the first step, we will show that Y(¢;#) is convex in ¢

within interval ¢ € [g, T (1; é(ﬁg, f))] , for any t € T. Specifically, we have that

Px(td) _ 0MEED 9% 9 [(p+ )aon D) (@Br) —8)] 91— 20)5 (1 — )]

o2 ot ot ot ot

= (30 (2ae D)~ 9) 212D 31— 20) 25— 1) B2 > 0

ot

Moreover, one also have that

ox(t,1)
ot

= (p + M) @ (pr, t) (@ (Pr, ) — £) — M1 — 20)p;(1 — pp) = (p + M0)pi(Py — ) — (L — 2¢)p(1 — py)
= Pel(p + M) (s — 1) — A(1 = 2¢)(1 = pp)] = (M1 — ) + pl; (5 — §°) <0,

where equality holds if and only if p; = ¢”. Therefore, for any ¢ € T, Y(t;1) = 0 has

exactly two solutions if # < T'(¢"; P) and has a single solution if = T(§”; P). Therefore,
both the function 7j(-) and 4(-).

For any p,p’ € [¢”,¢"] such that p < p/, one then have that G,z (¢, T(V'; P)) < Prpep) =

P = Qrp) (p, T(p; P)), which then implies that

1) = drgrs) 0 TW5 P)) < drr s (0, T(0; P)) = iilp)-

Moreover, (u) is decreasing in .

C.15. The belief martingale induce by the optimal disclosure policy. In this sub-
section, we characterize the belief martingale 7*, induced by the optimal disclosure pol-
icy proposed in Proposition 4.

For any t € [0,1*), then +;(-) is given as

.
Do 1=po _ 1=pt o=yt ifp=20

Po Pt
Lo gt if p=p;
) =9"
po — poe " ifp=1

0 otherwise
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For any ¢ € [f*, 5(ﬂ(f*))>, then ~;(-) is given as

;

1-pg  1=G@@p,t*) xgt| ¢, _
Po [ Po (jt(ﬁf*tvf*) ¢ ifp=0
. BogmAvt if p = Gi(pr-, 1)
Y (p) =
po — poe ! ifp=1
0 otherwise

\

Denote belief 5, = min {c]t (H(f*), T(q"; 73)> , ﬁg(u(g*))} and probability

. qg(&({*» (ﬁ(g*)vT(qP575))_555(&({*))(f’{* ,E*

) s .
_ . . For any ¢t > 6(u(t*)), /() is given b
(1'9"(&({*))(ﬁ(t*)vT(qPQIP))_ﬁé(&({*)) y - (lu’( )) ﬁYt ( ) g]' y

b0 = pO(a(E)) PN

qém(t‘*))(ﬁf*vt*)ve P = Pjaii)
5 ey ~P.7D ~ -

o) T (BE)T@P) g min{t,6(u()) } .

%(ﬁ(f*))(ﬁ{*vt*) U) Bt € Ip /Bt

P (1 - e—wém@*))) +
Po (1- U)~g(,](,§*)) <H(E*)’T((~I~P;75)> <e—we(g(£*)) _ e—MlJmin{t,Q(ﬁ(t*))}) ifp=1

Ga(a(eny) (Pie 1)

1—- %*(155(,1({*))) =% (Be) =i (1) ifp=0

0 otherwise

Proposition 4 can also be rewritten as the following proposition.

Proposition 5. The optimal disclosure policy (7*, M*) induces a belief martingale ~*.

C.16. Proof of Proposition 4. Our proof only focuses on the case where p, > % and a
similar proof can be extended to cover the case where py € [p,, 1). One can easily show
that both responsiveness with restricted interval [G”, "] and directness still hold in
this scenario of general information structure. For any direct and responsive disclosure
policy (7, M), let me denote the induced belief martingale as 7™ and the stopping belief

distribution as 7™. Moreover, let me denote the weight accumulation speed \™ as
AT(t) = 77 (1) + 77 (0).

For any stopping belief distribution 7 € A (0,1U [¢7,¢"]), we then define a belief mar-
tingale 7*(-;7) with the fastest weight accumulation speed \*(-;7), which induces the

stopping belief distribution 7. For any belief p € [¢”, ¢"], let me denote 7(p) as follows,

()10 T°
¥(p) ’

P o M[T@EP)-T@@"P)| _ P [1(5:P)-T(a":P)]
q

=71(p) = H(p) = T(p)@e
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Basically, 7(p) is defined as the probability on belief 7(p) such that the induced belief
martingale reaches belief p with probability 7(p). Let me normalize v(p) by defining
(p) = %. Then denote 7'(7) as

JoelaP .aRr) 7(P)

0= e

Next, for any 7 such that there exists some ¢ € T such that Ar(gr B) (P, 1) > 7 (7), we

define ¢(7) implicitly as the solution to the following equation

Qr e ) (Do), P(T)) = 7 (T).

Basically, ¢(7) is defined as the tranisition time with which the reporting process reaches
the belief 7/(7) at time T(G”; P).

Finally, let me define the belief martingale 7*(; 7). For any ¢ € [0, $(7)), the belief mar-
tigale 7*(; 7) is consistent with 7. For any ¢ € |5(7), T(¢"; 73)>, the belief martingale
7, (+;7) is defined as

;

a1 (o #())
1 — _ At - N\Pp(r) P\ ) f _
1 =p0)—e G (Bp(r) (7)) itg=0
——P0 =AYt iq = G, (o B(r
7 (q;7) = { #(Fe () 4= G (o), £(7))
po (1 —e) ifg=1
[0 otherwise

For any t > T'(G”; P), the belief martingale 7/(-; 7) is defined as follows

7(q) if g € [7, 51
3 (p)i(p) -2p(t=T(q",P)) P (~ _p ~)
@ (ip). TP P)) © ifg=q (7(p), T ,P)),
~*( ) vp S (ﬁth]
T (G;T) = _ ) -
' Po (1 _ e—AwT(r}P’P)) + f yP)alp) e*)xw[min{t,T(p;P)}7T(qp,7))] ifp=1
p€[a”.a"] min{p,q: (7(p),T(GF . P))}
L fyeiqr o 70 @70 = [, a7 (@ (7(0), (@7, P)) i7) dp — 7 (157) ifp =0
0 otherwise

Then let me define the corresponding weight accumulation speed 5\*(15; T) as

N(t:7) = 77(0:7) + 77 (1; 7).
Our next lemma shows that the weight accumulation speed A\*(¢; 7) is the fastest among
all direct and responsive disclosure policies (7, M) which share the same stopping belief

distribution, i.e., 7™ = 7.
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Lemma 15. For any direct and responsive (with restricted range) disclosure policy (7, M),
which induces weight accumulation speed \™ and stopping belief distribution ™™ such

that
Grgr (P t) 277 (77), e T

we then have that

N(t:7™) > A (t),Vt > 0.

Proof. Given any direct and responsive disclosure policy (7, M), the agent’s belief a(¢; 7),

contingent on event where he still funds the expert at time ¢, is given as

po— T (1) = [ocigr 5y 7" (P)PAD
L—A"(t) - fpe[qp,ﬁt] 7 (p)dp

Moreover, under this disclosure policy, the expert and agent’s payoff are given by

a(t;m) =

V(S\W,Tﬂ—) _ pﬁozoo eiptj\ﬂ(t)dt + fpe[qP@R] 6*PT(P§'P)m(p)dp
TNT T (7 (\T T T~R§7§ T ™
O, 77) = VAT, 77) — ¢ [L@57) [1 ~ X () = [ o gy T (D)

At time t, the expert and agent’s continuation payoff, contingent on the event that the

agent still funds the research, are given by

(YT T _Pffoe*"(S*”[5\"(s)—S\"(t)}derfpe(ﬁt,qP]eip[T(p;ﬁ)ft]m(P)T”(p)dp
V(AT 77) = IS S Y S 5 e
~ ~ P gt P X
U (A", 77) = p [ e TN () AT Oldst e 5, P ¢ LT T m)r ) dp—e [T e LR ()= [ op 5 T ()] ds
(AT = 1M ()= [, 1P 5y T P)dp

Please note that the combination of weight accumulation speed A\™ and stopping belief
distribution 7™ is sufficient statistic of any direct and responsive disclosure policy (7, M)

in determining the payoffs.

For any pair of (\,7) which can be induced by some direct and responsive disclosure

policy (m, M), let me define 9’ as follows

¥ = inf {t XY < N, 7), V> t} .

Since A\"(T(¢%; P)) = 7(0) + (1), one then have that ¢ < T(§"%; P). Moreover if ¥ <
@(7), then ¥ = 0. This is due to the fact that \*(-;7) is consistent with that under full
information disclosure, which reaches the upper-bound of weight accumulation speed.

Our remaining task is to show that ¢’ = 0.
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Suppose the argument is not true, then ¢ > ¢(7). In the first step, we are going to show

that
N5 7) > AV,
Suppose on the contrary, it is not true. Then at first, we have that \*(¢'; 7) < 7(0) + 7(1).

Then, let us, at first, consider the case in which ¢ > T'(G”; P). The continuation payoff

of the agent at time ¢’ is given by

p / °° e [X(s) — A(W)]ds + / e TP i (p) 7 (p) dp

pe (ﬁt ’q'P}

T(3",P) , 5
—c/ e Ps=?) [1 — A(s) —/ T(p)dp} ds
TN v’ PE[G” ps]

U19’ (>‘a T) = i
L= AW) = [ocigr 5, T(P)D
p / e PN () — A()]ds + / e TeP i (p)7(p)dp
9 pe(ﬁtqu]
T(G%,P) , -
—C/ efp(sfﬂ) |:1 _ /\*(19/7 7') — / T(p)dp:| ds
< ’ _ pG[le,ﬁs]
= L= AY) = [oeigr 5.0 T(P)AD
/)/ e PN (s 1) — N (95 7)]ds + / €7P[T(p;ﬁ)fﬁl]m(p)7(l7)dp
K pe(lﬁtvqp]
T(G%,P) ) -
—c / e P57 [1 — N T) — / T(p)dp} ds
- ’ _ pe[qP’ﬁS}

1= A(@") - fpe[d”,ﬁa/] 7(p)dp

7(P)ii(p) — M0 —T(G"P)] <~ , (~ P >>
Joctogam) G0 (1)1 P)) T g (1), T(¢75P)) ) dp

1 —A()— fpe[qP,ﬁﬂ/] 7(p)dp

@) - =TGP 5 <~ P )
fp€(75ﬂ'v‘?R] G (70 T(@"P)) © T gy (0(p), T(q"5P) ) dp

1 - 5‘(79,) - fpe[q"P’ﬁ’&,] T(p)dp

po = Ty (L7) = [ocpar 5, T(P)PAP - 75 (1) = foeigr 5, T)DAD (alti 1)
= = < = =m(a(t;m
L= AW) = fepgr 5,0 TP L= AW) = feigr 5,0 T(0)p

The first inequality follows from the definition of ¢, which implies that () < A\*(¢; 1) for
any t > 1. The second inequality (the only strict inequality) follows from the assump-
tion that A(¥) > A\*(¢; 7). The second equality follows from the following three facts. At
first, the numerator of the term at the third line of the equation above is exactly the un-
conditional expected payoff to the agent if he keeps funding research until ©/. Secondly,

at time ¢, the belief martingale 7*(-;7) assigns probability %e‘ww"ﬂfﬁ”
9! ’ ’
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on belief Gy (ﬁ(p),T(c]P ,ﬁ)) Finally, by the definition of margin belief process, the
agent’s continuation payoff upon receiving message with belief gy (ﬁ(p),T(qNP ;ﬁ)) is
given by m (ng/ (ﬁ(p), T(q"; ﬁ))) The forth equality follows from Bayesian plausibility
constraint. The last inequality follows from the fact that 7,(1;7) is always consistent
with the one under full information disclosure, which reaches the upper bound of prob-
ability on belief 1 given stopping belief distribution 7. The last equality follows from
the definition of «(¢; 7). Since the agent’s continuation payoff at time ¢, if he chooses
to fund research, is strictly lower than the one if he chooses to cut research funding
and make decision immediately, it is not incentive compatible for the dynamic disclo-
sure policy (7, M) to implement the stopping belief distribution 7, which then leads to

contradiction.

Secondly, let us consider the case where V' < T(¢"; 75). The proof of the contradiction is
similar and therefore ignored. All in all, it can not be true that \(¢') > \*(¢'; 7) otherwise

the stopping belief distribution 7 can not be implemented.

Finally, let us consider the case in which both A\(¢/) < \*(¢';7) and ¢ > 0. The proof of
contraction is exactly the same as the one in the proof of Lemma 13 and we therefore

ignore it. Accordingly, we conclude that ' = 0. O

We then show that for any direct and responsive dynamic disclosure policy (7, M), there
always exists some ¢ € T such that dr(ge7) (p;,t) = 7'(7™). The proof is the similar to that

of Corollary 4 and therefore ignored.

Finally, given any transition time ¢ € T, the optimal stopping belief distribution 7 is

determined through concavifying the function V(-) at belief Gr(ge 5 (Dr; t) within interval
7", 7(q")]-
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